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Remarks on triangular and tetrahedral numbers

by A. MAKOWSKI (Warsaw) (*)

M. SATS~AN"ARAYAXA proved ia [4] fchafc ao fcriangular number > 1
is of the for m 2Tfe~~1 — 1 and that 3 is the ouly triangular number
of the form 2̂  + 1. Gr. BROWKHST and A. SCHIZEL proved in [1]
that all triangular numbers of the form 2̂  — 1 are 2l — 1, 2* — 1,
24 — 1 and 212 — 1. The equivalent result was established earlier
by T. NAGELL [2] see also [3].

We prove here three following theorems.

I. If p is an odd prime number, fchen the only triangular
numbers of the form / + 1 are 5 l -+-1, 32 -+- 1 and 33 -H 1.

II. The only tetrahedral number of the form 2k — 1 is 1.

III. There is no tetrahedral number of the form 2h H™ 1.

PKOOF OF 1. - Let

25 (»+!)=**

Then

n*+n — 2 = 2-p\ {n — l){n -h 2) = 2-pk, n +

and n — 1, n -+- 2 are neither both even^ nor both odd. Thus, if

3, (n — 1, n -f- 2) = (n — 1, 3) = 1

and ^—1=12, n=3. Hence we get the triangular number 6—
If p = 3, then

n - l = 3a, n + 2 = 2.3b or n-1 = 2-3% w + 2 = 3

In the first case

3 = 2-3& - 3a, 1 = 2-30-1 - 3»-1, a = 6 = 1, * = 2.

(¥) Pervenuta alla Segreteria dell'U.M.I. il 25 marzo 1962.
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In the second case

3 —3& —2-3% l = 3b~x - 2 . 3 0 - 1 , a = l, b = 2, fc = 3.

PROOF OF II . - Let

| (n-+- I)(n-h2) = 2 * ~ i.

Then

^3 + 3^2 + 2w H- 6 = 3.2*+1, (w -+- 3)(w* H- 2) = 3-2*+l.

It is evident that ^ + 3 ^ 4 . w2 + 2 > 3 and that one of the
factors of the left-hand side is even and the other is odd.
Because 3-2*+1 can be inique]y repiesented as the prodnct of odd
and even positive integers (both ;> 3), then n2 •+- 2 = 3.

Hence n=l, g.e.d.

PROOF OF III . - Let

n
g (n + l)(w + 2 ) = 2 * + l.

Then

^3 + 3W2 + 2^ — 6 = 3-2*-*1. (n — l)(n2 -i- 4w H- 6) = 3-2*+1.

In the same AVay as in the proof of I I we get n— 1 = 1 or 3,
which is impossible.
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