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Om the absolute negatiw summability of
double Fourier series*

Nota di P. L. SHARMA (India) (*)

"Snmmary. * The author studies the absolute négative suntmabilxty of doabh
Fourier series from the known result of absolute convergence by
a Tauberian type result in double series.

1. DÉFINITION [2]. - A double series 22am, „ is said to be absolu
tely summable (c, a, p) or summable | C, a, p | , (a, p) > — 1, wher

^ ~ , a, B a, 3 a, 0 a Ö
2 2. | %,«! — Gm—l, n — <Tm, H—1

tn=l n=l

m=l n^l ^mn

oo A „ « oo | -r !
^ | ffm,ïD — ^m—1,0 ] = ^ ^ < , ° ° )
= l

where aS;» a»d t^fn is the (c, a, P)-mean of am,tt aud mm amtn

respeetively, i.e.,

2 2
ï=0

a t Aa .—1 !J . « - 1 ,

2 jima;m =£ (1 — oc ) -* - 1 for f aï I < 1.
oo

liet the function f{xy y) be integrable in tha L^BESGUE senee
over the square Q(— «, — w ; it, «) is doubiy periodic with period
2 * in each variable. The double FOTTBIEB series associated with

{*> Fervenuta all» Segreteria deü'TT.M.I. il 3 ottobre 1961.
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the function f(x, y) in the complex form is

<1.1) °Y° Gmtn&
i'""+«*>

—-3O, X)

where

We shall prove the following theorem:
THEOREM. - If f(x, y) satisfies the conditions

l fa*, y) - ffrx, y) I < J ^ t e ) I as, - x
I ftx, y%) - ƒ(«, 2/0 I =£ *»(«;) I ̂  - 2/
I f&t, y'Ï) — A*i » 2/2) — r f e » 2/1) •+- A ^ i

where a, p, y.17 ftA, are positive numbers less than 1, K is constant,
Xi(2/), Kt(y) are integrable fnnctions. Also the variation of f over
0 < x <; 27T, is an integrable function of y and conversly. Mnally
suppose ƒ is of bounded variation in the sense OARATHEODORY [1]
then the double FOTJRIER series (1.1) of f(x, y) is

I C - -

«ummable where o = min (a, a j , and v min (6, pj
2. We require the following lemma.
LEMMA. - If f(x, y) satisfies the condition of the theorem then

S ! CM,n \{\m\ + 1 P M | H.1)V/«<OO.

This is known [3J
First we prove the theorem of Taubenan type for double series:

oooo
THEOREM A. - If 2 2 | TJim „ | converges, then

i i

2 2 m-«n-&Um}n; 0 < % < 1, 0 < p < 1, is summable | C, — a, — p | .

PROF. - We dénote by cfy,n the (m, w) th CESARO' mean of order
{*> ,8ï > — 1) of the series

2 X W ) W
m,n—l
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Then

&m, n — ̂ m, n — ̂ m—-1, » — % , «—1 -H c»j—l, n—1

1 n m
= 2 £

mnAm Ank=i *

Putting 03m, n = ""i"^^ a ï l (^ aPPlyînS ABEL?S transformation for

AmAn

double series, we have,

n—k

4?

- + 2

+ _ _ a iV _ 1 M _
2 2 ix^;~&< 2 i

M\

—1 |

9=1 («+1)^X1=1 A*

2

+ 2 2 | üm,„ |
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The first summation on the B.H.S. is

where

N

since (1 — x)t = ? AL3 1 XTJ aad th^n ^ Ai/ x = 0, we hare

2 u 2

1^1 k 1

This pi-oves the result.
PROOF ov THE THEOREM. - ComMnmg the lemma and theoreua

À we get the theorem imrnediately
] am much indebted to Prof. M. L. MISRA for his help in the

préparation of this paper.
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