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The relationship of the Hermite to the Laguerre Polynomials.

by LEoNARD CARLITZ (3 Durham, U. 8. A)) (%)

Sammary. - Given two sels of orthogonal polynomials |f,(x)|, {gn(x)}
and put
Dom(@) == fin(®2); Do+ (%) = TPiaf?).
We seek conditions such that the set of polg'/nomials | P (x)! will be
orthogonal.

It is well known (see for example [2, p. 102] that the Hermite
polynomials can be expressed in terms of the Laguerre polyno-

1
mials with the parameters == 3 by means of the formulas

2
(~3)
H,,@)=(—1"2"m! Ly (@),

(+)

H8m+l(m) = (*‘ 1)m22m+|m ! me (:BE).

This suggests the following problem.
Given two sets of orthogonal polynomials f.(x)!. 1g.(x)!, put

(1) (Dzm(x) = m(xg), Q!m-&-\(x) =mgm(xg)‘

We may ask under what conditions will the set of polynomials
{@,(x)! be orthogonal.

It will be convdnient to assume, as we may without loss of
generality, that the highest coefficients of f.(x) and g.(x) are equal
to 1. We recall [2, p. 41] that the orthogonality of the set |fa(x)!
implies the existence of a set of constants 4,, B, such that

(2) fa (@) = (& + A,)fa(2) — Bafn() (n=t, 2, 3, ..),

where B, > 0. Moreover the existence of such a recurrence to-
gether with B, > 0 implies the orthogynality of | F,.(x)} (Favard
[1]). This suggests a slight generalization of the above problem.
Let the f.(z) satisfy (2), where nothing is assumed about the sign

(*) Pervenuta alla Segreteria dell’U. M. 1. il 15 settembre 1961.
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of B,; also let the g.(x) satisfy
3) Grnarl®) = (@ + A'n)ga(®) — B'agn,(2).

Define the polynomials @,(x) by means of (1). Since @.(— x)=
=(— 1)"®(x), we require that

@ D, 41(x) = 2Qu(@) — Co®y-.() m=1, 2, 3, ..).
For n —=2m, (4) and (1) imply

xgﬂl(x!) == mfﬂl(x’) - C’mxg”l—l(mg)’
so0 that

(5) gm(x) - fm(m) - C!mgm—l(x)"
Similarly, by taking n —=2m + 1, we get
(6) fm+ l‘x) = 'Tgm(x) - 021n+lfm(w)'
By (6) we have
wgm(x) = fM+l(x) - Cﬂn-b- )fm(x)‘
Substituting in (5} we find that
(7) f"H—l(x) - (33 - sz - C!m-)-l)fm(x) - C!m C!m—lfm—'l{x)‘
Comparison of (7) with (2) yields
(8) Am = - C:m - Cﬁm—i—l 3 Bm = C!mC!m—-l .

If we eliminate f, (x) (O) and (6) we get

gm-&-)(x) = (x - Cim-l-l - CZm—O—:)gm(x) - CEm Cim-{-!gm—l(x)J
so that

(9) 4, =— sz-iﬂ - C!m+z’ B’m - Cimctm-PI .

m

This evidently proves

‘THEOREM 1. — Lel | D, (x)! denote a set of polynomials, such that
Dy(x) =1, ®,(x)=x and

D, 1 1(@) = 2D,@) — Cabpy@)  (n=1, 2, 3, ...).
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Then (8) and (9) uniquely delermine two sets of polynomials
L), L ga{e) ! that satisfy (1), (2) and (3).

If we make the stronger assuwption that the ®,(x) form an
orthogonal set, with weight function w(x), this ‘result can be pro-
ved very rapidly as follows. We have

(10) f D, (D, (@p@)dz = Fr,Bp, -

Since Pu(— ) =(— 1)*®.(x), we may use (1) to define the poly-
nomiuls f,(x), ga(x). Also (10) may be replaced by

(11) 2 f O, @)D, (@ p(z)ds = k,5,, .

(]

Hence by (1)

2 f f m(mz)fn(xe)w(z)dx = kzuaun n?
[

so that

[ fm(x)fu(x)x— ;m(wé)dx = kznam, n°*

Similarly by raplacing m and #» in (11) by 2m + 1 and 2n+1,
respectively, we get

a . N
[ @9 @tniatae = kypaid, -
o

This proves

THEOREM 2. - Let | D,(x)! denote a set of polynomials orthogonal
over lhe interval (— a, a) with weight function w(x) and such that

D,(— 2) = (— 1" D(n).

Then the sets of polynomials |£,(x)1, 1g.(x)} uniquely determined
by (1) are orthogonal over the interval (0, a) with weight functions
—1 2 1

x *w(z®) and xw(x?), respectivelyy.
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For example for the Legendre polynomial P.(x} we may put

P!m(x) - Rm(xe)y P2m+|(x) = xSm(xz)'
Then the R.(x) are orthogonal over (0, 1) with weight function

—4
a *, while the S,(x) are orthogonal over (0, 1) with weight func-
4
tion x*.
Conversely we may assume that either the f,(x) or the g.(x)
are assigned sets of orthogonal polynomials over the interval (0, ).
Assume that ‘

(12 [ fuarffem @ =K,5,, .,

[}

Then if there exist sets of polynomials }g,(x):, | P (x)} such
that (1) and (10) are satisfied and

a

(13) [ 9@ apoaiz = k"5, .,

1]
it follows from the last theorem that
(14) We(x) = xw,(x), w(x) =210 (%).”

‘We may now state

TaEOREM. 3. — Let {f,(x)1, {g.(x)}, 1 P,(x)! be three sels of poly-
nomials that satisfy (10), (12) and (13), respectively. Thewn the poly-
nomials satisfy (1) if and only if the weight functions satisfy (14).
Moreover if any one of the sets is given the other two sets are uni-
quely determined.

We may return to the point of view of Theorem 1. The situa-
tion is now rather different from that described in Theorem 3.
For example let

ful@) = mn=0, 1, 2, ..),
f0 that
D, (x) = x*" m=0, 1. 2, ...).
Then by (4)

(I)zn +z(xj = xq)2n+!(x) - CZu+l(D2n(:lv):
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so that
(15) ¢£"+‘(x) o x?n-o—l + an+‘x2n—l'
Again using (4) we get
D g il®) = 2Osu(x) — ConDzn_il ),
so that by (15)
z!n-&l + Cgﬂ_‘.gw?"-l =x2n+l P Czﬂ(x?ﬂ—l <+ C2u—ix’"—')-
This requires
(16) C2u+4 = CQn, C?nC2u——l = 0'
Since
Oy(x)=2*— C,, C, =0,
we can satisfy (16) by taking
Clr+‘ = Clr = 07 Clr+3 == C4r+2

with C,,,, arbitrary. Thus the polynomial set | ®.(xj! is not uni-
gquely determined by |f.(x)}.
In the next place if we take

hw)==, fl@)=a—1, fux)=2" (=3, 4.5, ..)

it is easily verified that (2) is satisfied. By (1) we have ®y(x)=a?,
@ (x) = x* — 1. Then by (4) whith n = 3 we should have

xt — 1 = a®y(x) — Cya.

It is obviously impossible to satisfy this relation.

From these two examples we see that for a given sequence
{fulx)| that satisfies (2) it may be impossible to find a sequence
| @u(x) | that satisfies both (4) and the first part of (1) or alterna-

‘tively there may be infinitely many such aequences: The question
of what conditions on |f.(x)! guarantee the existence of |®,(x)}
is left open.
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