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The reîationship of the Hermite to the Laguerre Polynomials.

by liEOKARü CARLITZ (a Durham, TT. $. A.) (*)

Somniary. - G-wen ttvo sets of orthogonal polynomials {fn(x) j, j gn(x) j
and put

*i™(*) = fm(&), **« + *(*) = % W

We seek conditions such that the set of polynomials | <ï>M(x) | will be
orthogonal.

It is well knowü (aee for example [2̂  p. 102] that the Hermite
polynomials eau be expressed in terms of the Laguerre polyno-
mials with the parameters db ̂  by means of the formulas

Htm(x) = { - l)»a»"« !

This suggests the following problem.
Given two sets of orthogonal polynomials [ƒ„(#)(. ig»(»)ï, put

may ask under what conditions will the set of polynomials
|<£«(#)} be orthogonal.

It will be conve!uient to assume, as we may without loss of
generality, that the highesfc coefficients of fjx) and g*(x) are equal
io 1. We recall [2, p. 41] that Ihe orthogonalifcy of the set | fn(x) \
implies the existence of a set of constants An, Bn such that

(2) fmJhl[x) =z(x+ An)fn(x) - Bnfn^(x) (n=l , 2, 3, ...),

where Bn > 0. Moreover the existence of such a récurrence to-
gether with Bn > 0 implies the orfehospnalifcy oï \Fn(x)\ (Favard
[1]). This suggests a slight generalization of the aboVe problem.
liet the fn(x) satisfy (2), where nothing is assumed about the sign

(*) Pervenuta alla Segreteria dell'U. M.I. il 15 settembre 1961.



T H E B E L A T I O N S H I P O F T U F I 1 F R M 1 T K l ü T l I R I \ ( . t I U H F ) ' O I \ \ u l ! l \ l

of Bn; also let the gn(x) satisfy

<3) On+Ax) = (a> +• A'n)gn(x) - WnCn^Ax).

Define the polynomials <S>n(x) by means of (1). S ince On(—
;= ( — i)n<t>(i»), w e r equ i r e tha t

(4) * . + 1 ( « ) = « * . ( * ) - Cn<I>„-iM (* = 1, 2, 3,

F o r n = 2 Ï » , (4) and (1) imply

Bo tha t

(5) tfj*) = fjx) - C%wjim-%ix)..

Similar ly , by t ak ing n =r 2»^ +- 1, w e g@t

(6) f„+ tix) = xgjx) - C%mJhlfm{*).

By (6) we have

xgM{x) = fm+lix) — Ctm+JJx).

Subs t i tu t ing in (5) we find that

(7) ^ ( s ) = (x - C2m - CSM+X)fjx) - C I WC,„_ ƒ„,_,(*)•

Comparison of (7) w i th (2) yields

If we el iminate fm{x) (L) and (6) w e get

so that

This evidently proves

•THEOREM 1. - -Le2 | On(x) | dénote a set of polynomials, such that
o ( z ) : = l , ^!(x) = x and

®n+l(x) = »*»(*) — CnOi,-!^) ( « = 1 , 2, 3, ...).
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Th en (8) and (9) uniquely détermine two sets of polynomials
\W\, \9n(x)\ that satisfy (1), (2) and (3).

If we make tîie stronger assumption that the $,,(#) form an
orthogonal set, with weight funcfcion w[x), this*result can be pro-
vcd very rapidly as follows. We have

a

(10) ƒ * j«pH(*)w(«)d* = kjm, „.

îSiuce <ï>«(— x) — {— l)tt^«(^K w e m a y U8e (!) *° define the poly-
nomi^ls fn{x), gjx)> Also (10) may be replaced by

a

(11) 2 ƒ «„(spj*)*;*)*» = A!nSm, „.

0

Hence by (1)

a

0

that

a

ƒ /,»(*%(*>(*)<** = fc,A,, „,

Similarly by raplacing m aud n in (11) by 2m H- 1 and 2n-f-l,
respectively, we get

a
r * !

o

This proves

THEOREM 2. - Lef 1 <I>M(x)| dénote a set of polynomials orthogonal
over the interval {— a, a) tm£fe weight function w(x) awrô suc^ that

sets of polynomials |fn(x)|, Jg„(x) î uniqnely déterminée!
by (1) are orthogonal o»er the interval (O, a) with weight functions

_i l I
xw(x2), respectively.
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ITor example for the Legendre polynomial Pn(&) we may put

Ptm{x) = Bm(x% P^^(x) = xSm(x*).

Then the Rn(x) are orthogonal over (0, 1) with weight function
_ i

& 2, while the S„(x) are orthogonal over (0, 1) with weight func-
_i

tion x2.
Conversely we may assume that either the fti(x) or the gn(&)

are assigned sets of orthogonal polynomials over the interval (0, a).
Assume that

a

(12) f fm(x)fH{x)tv,(x)ix = k\fim, „ .
o"

Then if there exist sets of polynomials \gn(x)[, \ <S>n{x) f such
that (1) and (10) are satisfied and

(13)
0

it foliows from the last theorem that

(14) wi{x)=zxwï(x)) tv(x)=^xwl(x
2).~

We may ncnv state

THEOREM, 3. - Let (fn(x)i, lg„(xll, i ^ J x ) ! be three sets of poly-
nomials that satisfy (10), (12) and (13), respectively. Then the poly-
nomials satisfy (1) if and ortly if the weight functions satisfy (14).
Moreover if any one of the sets is given the other two sets are uni-
quely determined.

We may return to the point ôf view of Theorem 1. The situa-
tion is now rather different from that described in TTheorem 3.
For example let

fn(x) = x» (n^0, 1, 2, ...),
«o that

Q%nix) = a** l n =0, 1, 2, ...).

Then by (4)
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«O that

(15) *t-+t(») = rf"'" •+- Cto+iOs"1-1.

Aga in using (4) w e get

<ÏWi(#) = a£>2tt(a;) — C2*®8H-flla:j

so that by (15)

This requires

(16) Czn+i — — Cin , CznC2n—l = 0.

Since
<&,(*);= as'—Ci, C1==0,

we can satisfy (16) hj taking

with C4(+Ji arbitrary. Thus the polynomial set | $«(£) t is not uni-
quely determined by J fn(x) (.

In the next place if we take

h{x) = x, ft{x)*=x*-l, fn(x) = x» (M=8 9 4, 5, ...),

it is easily verified that (2) is satisfied* By (1) we have $8(a?)=:a5%
<$>4{x) = ac4 — 1. Then by (4) whith w — 3 we should have

It is obviously impossible to satisfy this relation.
From these two exemples we see ihat for a given séquence

t fn(&) I that satisfies (2) it may be impossible to find a séquence
t O«,(x) ( that satisfies bol h (41 and the first part of (1) or alterna-
tive] y there may be infinitely many such aequences? The question
of what conditions on \f*(x)\ gua^rantee the existence of t O«(a?) i
is left open.
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