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Note on H, snmmability of Fourier series.

By O. P. VARSHNEY (a Sagar, India) (¥).

Summary. - In this paper, a crilerion for H, summability of Fourier
series, similar to that of Wang (2), has been established. The condition
of Wang has been weakened, and an order condition on Fourier
coefficients has been imposed.

1. Let S(f) i. e.,

[0 ]
{1.1) ~a,+ X (ancosnt + by, sin nt)

be the FOURIER series of an integrableﬂ function f(¢), periodic with
period 2x, and let ®()= % {fle+t) +flx—1?t) —2s}.

In this note we prove the following theorem.

THEOREM. - If (z)f} ) | du = O(t log™ %(:)) as ¢t — 0, and

(éi) the coefficients of S(f) are O(n—?), 8§ >0, then S(f) is summable
H, to sum s for t =x.

Since irstead of S(f) We may consider S(®), let us assumse that
=0, f(x) =[f— ), so that ®(¢) = f(¢). For the sake of convenience

”
we suppose that a, =0. We write r::Z and 8, = Za,.
1

In order to prove this theorem, we require the following lemma.

Lemua. - If | anw| <n=0, 0 <3 <2, and

12 Fit)= f | f() | du=0(t) as ¢ — 0
then °
()2 = (Hﬁé:ﬁ}; fiﬂ ‘”[ fiw S22 D au)™ + o),

(*) Pervenuta alla Segreteria dell’U. M. I. 1’11 settembre 1961,
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Proof. - By (1.2) we obtain

T
8, = ?J,‘(t) s";"tab: 0l (v=n)

”

=2([+ nf(t)sm"tdt+0[1)
)+ ] o5

" —1 n—"

(1.3) = P + @+ 0(1),
say. Using the arguments of ZveMUND ('), we have

™
°§ a gj sin vi cos ki dt
k=1 3 t

l@l=

n—"

y—1 3. o 3,
=< O(v-%logmn) + é p k—onr 4 = k—nr
T k= v—k T k=v+1 ke — Vv

4 4
—_ ry—_§ - -
(1.4 Olnrv )+ﬂQl+‘nQZS
say. Now
nr [H v\—8 vt r]
(1.5) Q< — S k-84 n"(;) ——= =0 (" B
v/2 1=y 2 k_[%]+1 v—£k vd
and
1.6 ’_1': 22\: _1_ nr 020 ___"c: ’LIOEL" .
(1.6) %<5 kimgs B— v ket k/2 N

Combining (1.3), (1.4), (1.5) and (1.6) we obtain for v=n

n

5= 2 [ £ 2% gt ot) + 0 (”__'hg ”)
T - vd

t

= oy —+ 0(1) + O(n~ log nv—7?), say.

(*) ZveMmuND, Trigonometrical series, (1935) p. 35.
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Hence we get

” 1/2 ” 2 ”
(_l__ Ts 5( ! 3 cf)”z + 0(1) + of"r1og 5 _a5)'?
n+1 1 n+1 y=—1 n<+1 1

1 hid 1/2
= (a1 7)o,

The proof is now similar to Wane’s lemma (3).

2. Proof of the theorem. It follows from the hypothesis that

/f()sm"(u“t)du— (f]f(u”du)——o(l g”zt( ))
t

Hence we get

f f(t) dt[f( )sm n(u t) du

i/n

=0 (”u_ : 1'ofg(1t/)z<lt)dt)

PRI wE() . 1  nF@),
0 tlogllz(l t2logt/2 (1 2) t*logsiz(1
’ Dl = EE) =)

- ”

¥

dt|

—T

= O(n) + Ofn) ( f m;(T) dt) = O(n).
Sz

n—i

The theorem now follows from the lemma.
I am indebted to Prof. M. L. Misra for his advicein prepa-
ring this note.

! ~
(?) WaNG, « Duke Math. Journal:, vol. 12 (1945) pp. 77-8.



