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On the matrix summability of the derived Fourier series.

By O. P. VARsHNEY (a Sagar, India) (¥)

Sammary. ~ In this paper, a sufficient condition for the matrix summabi-
lity of the Fourier series of the symmelric derivative of a function
f(x)L ¢s proved. The summability chosen includes harmonic summability
as a particular case.

1. Let f(8) be a periodic function with period 2= and integrable
(L) over (— =, ). Let the FOURIER series associated with f(6) be

[e e}

(1.1) a, + Z (@y cos nb + by sin nd).
1

2

Then the differentiated series of (1.1) at 6 =« is
o] o]

(1.2) 2 n(by cos nx — ay sin nx) == = nBylx).
1 1

We write .
W) H=fe+H—fe—1; gn=-—__c
4 sin 5 t

where C is a funétion of .

Let A =}dyxl,n k=0,1, 2, ..., and ds,o =1 be a triangular
matrix. Let Adu t=dun,x — duk+,. An infinite series Zu, with
partial sums s(n) is said to be summable (A) to the value s if
o(n) — 8 a8 » — oo, Where

n
1.4) 6(n)= X Adg, rs{k).
k=0
The conditions of the regularity of the method of summation are

(¢) lim dyp,x =1 for every fixed k, and
7 — 00

(1.5)
() = |Adnr|SK independently of %.

The object of this note is to prove the following theorem:

TeorEM. - If g(t) is of bounded variation in (0, =) and
g(t) — 0 as & — 0, then the series EnBy(x) is summable (A) to the
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value C, provided that (A) is regular and
n
(1.6) lim 2 | A%y | =0.
ne—s00 k=0

This theorem includes as a perticular case a recent theorem
of RarH [1] on Harmonic summability of the series (1.2).

Our method of summability being regular, it is easy to see
that there ‘s no loss of generality in assuming C=0 [1].

2. Proof of the theorem:
Using (1.2) we have

T
KBy = }! f Y(t)k sin Kktdt.
(1]
Hence by (1.3) we obtain

8n) = = j q,(t)( 2 ksin kt) at

- _ _jw)d o (ndk_é)_t

.
sm2

_ 10 1), oot
= — | 7’ _sin n+_§)t cotédt-——

_1 7:l‘(t)n-i—l cos 'n-e-1 t/si tdt
g [ 40+ 5) oon (n - 5) tain 5
o
1( 1 t
=;fg(t)sin(n+§>t/tan§dt—-
o

s
2 1 1
- ;[g(t)(n + ‘-2) cos (n + ‘2) tdt
)

2.1) == 8,(n) + 84(n), say.
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Hence, by (1.4) we have

hd

o(n) = L3 [/Ad",k sin (k + )tg(t) cof dt]
T k=0
0
) n T 1 1 ~
R = =
i [ ] Adn.x (k + 2) cos (k + 2) tg(t)dtJ
4]
(2.2) = g,(n} + o0,(n), say.

Since g(#} is of bounded variation in (0, ) and g(fj — 0 as
t — 0, s,/n)=0(1) as n — oo, the proof Leing similar to that of
JorDAN’s convergence criterion for FoURIER series [2]. By regu-
larity of our method of summation it follows that

(2.3) 5(n) = 0(1) a8 #» — oo.

Now integrating by parts and making use of (1.6) we have

son) = _E'(k'é Ad,.,k(k+ )cos (k « ;) t)g(t)dt

” 1‘
2 Ady, k 8in (X )
z ,ksm(c+2) )
2 hig .
+ _—J(kio Ady, r sin (lc + %} t)dg(t)

(— 1)t Adm, ,,) +

2/( goAd,,,k sin (k + ) )dg(t)
:O(k‘:.iolAd”,k [) f+f)( s Ad”,ksm(k + )tdg(t)\

= 0(1) + P + @, say,

will be defined in a moment
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Since g(¢) is o1 bonnded variation in (9, -) we can always find
a 8 in (0, ) depending on € previously chosen such that

8
- T
.5) | 1dgit) | <g e
Since in | sin (k + :-,) t‘ = 1, we have by u~iug (2.5) and (1 5) (d2)
2.6) |Pl<e.

Applying ABEL’s transformation, we have

;Adﬁkb'n(k""l t ;. td ((‘sin(r+1)t)
Lk bi 51t = >un, k| - 3
k=0 2) k=o " \ r=0 2,
" . 1
= 2 ._\?d”,kl C(.)E(ktj-_‘l__t.
k=0 .
2
sin
Hence we have for a fixed 3,
n ) 1) 1,
max { = Ad.n,ksm(lc +)t= —— X | Adnk|
k=0 2 «in Sk
2
{2.7) =0(1) 48 — cOo.
Makinge use of (2.4) and (2.7), we obtain .
(2.8) Q =0(1) as 7 — oo.

Combining (2.2), (2.3), (2.4), (2.6) and (2.8) we see that
a(n) <& + O(1).

Linally choosing e first and then mua'\ing n — oo, s(n) — 0 as
7 — co. This completes tlie proof of the theorem.

I am 1ndebted to Prof. M L M ra for his interest and
advice in the preparation of tnis no.c
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