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SEZIONE SCIENTIFICA
BREVI NOTE

On the absolute summability factors of
doubl- infinite series.

By S N. Mauesuwarrc (a Sagar. India) (¥)

Summary. - In (ks paper th> awthor has wenestig oted the absolu‘e sum-
mahiliby fazéors of . hle wnfinete series The theorem proved extends
a result of Pate [11] to double seiies

1. DeriNiTIoN 1. - A double infinite series ¥ ~aid to
be absolufely summable (C, x, 3) or summable ¢ -1, of
20 o]
%8 N 2,2 ro
2 X Sm,n — Smil,n — Sm.p—1 + Sm—tn—1
m=1 n=1
Q
=33 (mnyt tmw < oco.
0
x. B 2.2 2
3 smo— Sm—,ol =Sty < oo,
m=1
20
2%, 2
h) |so,§ — So'm—1 | = 2! .tﬁi < o9,
n=1

Whore S;E,B,. and t;:,B,. are the (¢, x, 8) mean of the sequence |8 4.
and {mnram 4 respectively and sm, , is the (m, ») th partial sam.
This is known [14; 15; 16].

DEFINITION 2. We have

” m
tah=(Amdl— 3 % AR kI,
k=0 l=0 v ?

{*) Pervenuta alla Segreteria dell’ U. M L./l 4 Settembre 1961
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m
th=(Am— 3 Anila,

1=0 ’
[e o]
T Alwr=(1 -z for |x|<1,
=0 ‘ \\

v

and by definition {8; 13],

Al =0, AT =1, Am =0m=>1), Am =0m=2),

) e
A,.:) —a—1
e (55, e=-

A% — Fm + «+1)
7 Tim + )0 + 1)’

NF(;":_—“T), e —1, =2 ...).

DrriNiTION 3. — For any sequence |tm a!, We Write

Ao oém'” = ﬁm, "

Able g = tmy1, 841 — Em, 41— Emd1,0 + Em,n

©® ®
g1 y—p—1
Aoiima= X X A, Avp_ep+m,v+n
p=0 v=0

provided this series is convergent. It is easy to show that [9]

A‘n JAR, kEm’ n = A‘+h’ ]+k5m,“

) Rk
Ahl k(ams'.im’ “) = 3 z

a-d

h\ [k
(1.1 S B (u.) (v) APSmAVE A= E—Veg g 4t
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‘We also write

Em’ n == Asm, n

M N
Exei oM, N, m, )= 3 3 AB_IAZ‘E:‘,A-?"ATG—IEMMW»

=0 v=0

_ M N _
Eopi Bo(M, N, m, n)= X 3 AN._VA;;__IPA;F_IAV—O_‘EF+m,v+n

p=0 v=0

_ M N . — .
f“’f’; b.o(M, N, m, n)= pEo v§° AB lAil—PA = v v IAI’OEP-Hn,v-!-u
= . 4 N E—x a—1 —-(—1
—an’P’ B O(My N, m, n)= p-tzo v=Eo AM——U. Av Ao’lsl"'*"m vbn
m 8 8
Tm, n= X X (w)yH.
p»=1 v=1Y

so that

EeapsBo(—1, —1, m, n)=0, Evebo(—1, N, m, n)=0,

Eopi Bo(M, —1, m, n)=0, T2f=o0.

2. In 1908 BromwicH [2] proved a theorm on convergence factors
in series summable by CEsAro-means of integral order which incla-
ded the various previous results. An extension of BrRoMWICH’S
theorem to series summable by CEsiAro means of non-integral
order was given by CHAPMAN [3] in 1911. In 1912, in connection
with the summability (C, 1, 1) of the double FOURIER series and
its application to certdain problems of mathematical physics, C. N.
Moore [9] extended BromwicH’s theorem on the summability
factors of simple infinite series to the case of double' FoUuRiER
series, In 1922, EversvLL [7] gave the snalogous extension to
triple series.

Absolute summability factors of~ OURIER series were first cone
sidered by Prasap [12] in ‘1938, Vﬁsl:ibns’fkesults concerning these
investigations are due to CHENG /[4], CBow (5] ¥4a:. [10] and others.

‘We prove the following theorem '
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TaEOREM. - If o, B are integers >0, and if

smie = 00mls), smb>=00m), so8=00),

where Ap, Ay are positive, monotonic, non-decreasing sequences,
then the sufficient conditions that 3 2 am, nem,» should be summable
|Cy «, 8] are

3 3 A | em, 0 | < oo,

3 B manlhpdy | Azt+1Bt1em | < 00,

A T | em,n | < oo,

M Zdm | em,n | < oo,

Mm*hm I by | A% By 4| < oo,

NBAy S m2hyn | Ad+1 060 4| < co.

This extends a result of PAmr [L1] to double series.

8. We require tho following lemmas :
Leyma 1. - If 6 > — 1, and ¢ —3 > 0, then

d
°2° A?p—v x Ag 1

e \\‘

nmv mAS  A=o (m+wAGpy AT
This is known [6}.

Lemma 2. - If p>0, ¢>0, and {Mm!, |Asl, are the positive,
monotonic, non-decreasing sequences, and

3 3 nPm? | AQ+HL PHiem g [ Aphy < 00
then
2 T nhma | AD+L 0ty 4 | Aphy < o0,

for every p,, q,, such that 0 <<p, <p, 0<q,<gq.
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The proof runs parallel to lemma 2 of Bosaxqurr [1).

LevMma 3. - If >0, 6 >0, ¢ >0, s <0, then

=0 r=o0

Eap; Bo(M, N,m,n Ak M N S N —
i (M, N,m, )}: vy (h) (k) S AIEV—V lAiﬂ—fplA:-c-H‘ 1
Boves B.o(M, N, m,n) l

p=0 v=0

A-—p+h—1 A‘h_l’ P _r§ SptmAl, vindr
L3

Eptmtl, vintr

This can be obtained by applying partial summation and using
(1.1).

4. Proof of the theorem. Let Tm,n == L n = MNAm, nem,» and let
r:;,e. denote the (m, ») th CESAR0 mean of order «, 8, of the sequence
{€m,n]. By hypothesis and definition, we get

T%E = O0mha) a8 (m, m)— oo,
Tm, o = O0m) as M -— 0o,

o, n = 0(\») as Mn-— oo,

The case x=—8=—0 is obvious. Let us consider the case 2>1,
B=1. We have

AmAET:;‘,.—- 2; 24 A Am—ul""ap Ve, v

p=1 y=1

l

m » v —
T 2 A, B3 Afmaisiaralenf
1

p=1 y=1 =1 k=1

m » -
SRR A i e M o S he
=1 k=1 p=0 v=0

A:a_lep.;.z, vk o

m
= 3
=1 k=1

23

AFARE B a5 B Ban—1, n—T, 1, k)

ti";?

S IkAFALEx 5 B 8m—1, n—k, I, k) 5
k=

Il
T vaz

-
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Hence by ABEL’s transformation, we have

Anabmfy
m—1 #—1
= 8 % ALk|IkAFALEs % B 8m—1, n—k, 1, k)| TFF
=1 k=1 '
"t k 3 . a,
+ 3 Ak mALKARE™ i 880, n—k. m, k)| TS %
k=1

w3t By s2 2,8
+ I AL nAglATE 2 BBm—1, 0,1 n)| Ti's
=1

+ mnAGALEx 5 B8O, 0, m, n)TRE,

1“' hud 2 ,B . %, B
= X X AVK{IkA7AkE>* > BBm -1, n—k, 1, k)| Tk

=1 k=1

.
+mdh I AvKk|kAREa 1 2,80, n—k, m, k)| Tk
k=1

m
+ndf T AL IATEn i BB —1, 0, I, n)| TF
=1

o e a 4B z, B
= 3 N AWKIEAFARE» BBm—l, n—Fk, I, k)T %

=1 k=1

m Ll e x
+ '2 kE (I + )& + 1) Ak, A14,AbF
=1 =1
| Exas B 8m—l, n—Fk, 1, k)| TF
+ other similar expressions.

Now,

AbkRa,a; B,8(m—1, n—Fk, 1, k)

m—l n—k — ——
= 3 = A AT A AT etk

=0 y=0

m—i—1 s—k e R
_ z‘.o 20 AT AT AT AT e, vk
p=0 v=
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m—l n—k— g—1 i1 a1
- z z An——k-—v—lA A‘m—-l——LAu "L+l, vl k4
=0 y=0
m——1 f—Kk—i p—1 1t )
+ 3 Y Ap—r—yd, Am—l—-‘b—lAp e, v k42
'L'—_O v=0
m—l—1 n—k—1
i —1 —1
= X 2 z IA ’ “laALk ! Ai—-k——vA;l—-l—nslH-l.v-i-/G ¢

=0 =0

-

m 1
~g——1 g—z—1 —p—1 2=—1 —2—1
-+ A H—- Am_l Em,n — A.—”k 2 Am—l——ig—lAu Entlti,m
=0
n—Kk—1
—x—1 2—1 —1
— Am—1 Z An—k—a——x/‘lv fm,v4+k41
v=0
m—I—1 n—k—1 - o
N s RS R g—1 :
== ot 2 Ai" A-, - Am—l—— 'n——}c—v : AL ksp.-}-l, vk {
=0 v.o
m—l—1 n—k—:
——1 g—1 A—2 :
—+ )] ) A;x A An—-k—zAm—l——x. i Ao,k Sudgldr, vk {
n=:0 =0
m—d— k- 21
+ ‘\-d z A(L A'/ Am—-—LAn—k—-/ i Al L. 4+k+1!
im0 v=0
m——z—-l n—k— P g2
+ X pX A A, Am—l—- l.‘4'l—-'k—'/ VE i, skt
=0 v=0
——1 — o a—1 ~—1
+ Am Au—k Em.n — Ahk 3 Am—l—rx—lAu Enf-l41,m
(+=0
—x—1 —2—1
— Am-1 21 A»—k—;—xAv Em,v4-k41
v=0
m—l n—k
—2=1 p—B—1 ya—1
= X z A g Am—'—pAn——k—a } Al kF=L+I| vtk |
=0 v=0
m— n—k P
——1 =1 g1 1—2
+ X 3 Ap 4, ¥ A;—-'c—-zt'lm-J—x t A% k':'{x+l+1, v4-k }

{+=0 v=0



374 8. N. MAHESHWARI

m— w—k
—a—1 -——1 E—2 =<
—+ Eo 2 Ap. P An——k—\A:n—-l—u Al’°£p.+l,v+k+;'
p=0 v==0

n—k (—: —2
+ "% AT AT AT AT i, v ]
‘L=° v-=0
== Ko i BBom— I, n—k, I, k) + Eovo—1; B, Bm— 1. n—k, I+1, k)
k

+ Hora B m—1, n—Fk, 1, k+1) + Eza— B e—1
1
(m—1, n—k, 1+1, k+1)

Hence

AR50

e ”
= 3 N ALKIkAFAREs = 2Bm—1, n—k, I, k) TPF

=1 k=1

m ” . « B _ 8
S 2 (i e AT AR B BEm—], n—k,], KT
=1

+
m ” « P
+ X 2 (I4+1)(k+1)A14 1Ak B 015 B8
=t k=1 k
(m—1, n—k, l+1, kyTid
m n e B =
+ 3 3 (+ 1)k D)AG Ak B BE

1 A=1
m—1, n—Fk, 1, k+1)TPE

m ”
+ 3 2 (@r1)k+1)A7 A% Fo o e

—1 k=1
(m—1, n—k, l+1, k+1)T{E

-+ similar expressions.
Therefore

(mn)— | “;;,an |

©
]

® Mg

<XX (1mtn /i;lAE)—l ! L-ﬂ‘,"(mwA(anE) I ' ELY I ’ Tm,nI
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+ I3 (mndh A m 1) 1) A%y AR | Aem o | TEE,

+ Y menAn AR )+ 1)Am 1 AR L e s | T

x B Mol Aol « 8
+ 2 X (mndpAn— 13 I ALK(IEALAL)
=1 k=1

| B2 BBm -1, n—k, 1

% 4B m—1 n—1 ” R
+ 22 (mndmds)— 12‘ kZ (I+1)k + 1) A Ak g
=1

| B 55 B Bm—1, n—F, 1, k)| TP

LN mst a LB
2 k

— =1

| oo, B b=Ym—1, n—k, l+1, k+1)] 773
o B m—1 n—1 ” e
+ 32 (mndndl— 2 3 (I+1)k+ 1Al A%
=1 k=1

| Baroa—1; BsBm — 1, m—k, I+1, k) 7
k

a 4B m—1 n—1 o 8
+ 2 X (mnAnds— IZ] 2 (+1)k+1)A11 Akt
=1 k=1
| B o B 6—m—1, n—k, 1, k+1)|| TF |
]
-+ other terms of the same form.

Thus it suffice for our purpose to show that

4.1) 2 Y (mufAmdy | em, s | < o0,
4.2) 3 S dmda | Aem, | << o0,

4.3) PP | emga, e | << 00,
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| Bxoi B Blm, n, 1. k)

QQ [¢e] a B og [0 0]
44 I 3T AjdrMh I 2
k=1 I=1

B o o0,
m=1 n=1 (n + k)(m + )AnyrAmyi
© o © ™ Ex%BBm, n, I, k
s S F aptuabtug 3 0Y (o = ) oo,
k=1 l=1 m=1 =1 (n + k)(m + DAp+cAm+1
© oo © © sa—1; & E—=1m,m,l-+1, 1),
@s $ 2 artaite s s (mna . ;k g,
k=1 l=1 2 2 (n+ k)m + HAgrxAmit
o o o | B2 Be—i(m, n, I, k+ 1)
@ T % AT T Y o <o
k=1 I=1 m=1 n=1 (n+k)m+NAnsxAm+
o o ® o ;E_a,«-ﬂ, BRm, m. I + 1, b)) ‘
@8 I ¥ 4Tt 2 3 A ——— . - <
k=1 l=1 m=1 n=1  (B+k)m+1)AnrkAmi

The inequalities from (4.1) to (4.3) follow from the hypothesis.
't of the remaining, we shall consider the typical ones.

Bs lemma 3, since m>1, n>1, 0<<r<<x—1, 0<<é<<06—1,
we b ve

g—r—1 ,B—35—1

[0 o] oc n . [e.¢] [ee] A A’l‘—ryﬁ—sel &
S Y AfAoan 3OS B n | : d+1 +d
t=t k= m=1oA=1 (m+k)m+ ) A1 kAm 4
X C? % o4 By -
< X X AjdAwxiiy Ae—nBde, kg
l=1 k=1
Q0 %3 A;‘n"‘r—l 'Bl-—s—l
dd
m=o0 n-o0 (n rk)(m + l)A£+kA:l+l
2% e 1
= X D ATArdel AT B—ﬁsH_r ko ! 5,
w1 ko kAklAl

(e o] 0
Z K X Y ERSale—r—iy | A % Bey, rgs| < oo,
k=1 l=1

by hypotl{esis and lemma 2. This proves (4.4).
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Again
L % ; xr et Yt P S e
0 © a4 B - < r A A A FE 4 ko
) ht A;+ Ak+ YT N " L g,__,+‘-_,
1l 1 k=1 m= o (m/-*—[)”l+IF)A1/:+IA;.+}¢

o o] o]
= 3 ¥ AU o0 Ariemsbig g ey

=1 k=1
FE__AnTAT
- o B a
o o (m+k)m+AntrAmil

® © ” )
=3 T ATAu v et —a
=1 k=1 kAxlA;
o o ‘ . i
<K I X kbSa—rign a1, B—S+1gy 1y kp5 | 7 00,
=1 k=)

)

by hypothesis lemma 1 and lemma 2. This proves (4.5).
Also, since n =2, m =2, then for 0 <<r<a—2, 0 <<3<p—2

we have
e St ,
AT *Aa—r, B=Se 3 kg5

© © @
z 32 A?+1A%+1)\k)\1 X 020 B -
(n v E)m + ) AnyxAm g

=1 k=1 Mm=2 n=2
20 o2
E’l k-z-l AP AR oy | A, BVl fr i1, ko4,
e AT
il
o o (nrk)m + )AL ixA%
@ 1
=3 2 AT | A bt ki | s
22 + KAV 14T
e @
<K ;2 kz, lo—r—1}p—8—1)g), | Ar—r BB oty kg1 | << 00,
=1 =1

by hypothesis, lemma 1 and lemma 2. This proves (4.6).
The remaining inequalities will follow in the same way. Thus

22 (mn— | | < oo
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Similarly,
Sm| | <oo; Ba—r|]<co.

This completes the proof of the theorem
I am indebted to Prof. M. L. MisrA for his kind interest and
advice in the preparation of this paper.
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