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SEZIOME SCIENTIFICA
BREVI NOTE

Ou thtt absolut» suinmability factors of

doubl" infinité séries.

By S N. MAHESIIWARI (a Sagar. India) (*)

Samnirj. • In ihis papsr tlf> anfhor fca* inw-ihq Uetl tke absolu'e sutn-
m&bilUy faztnrs ofd*ible infinité series Tke tkeoretn prooed extends
a result of Pati [11] to double se» tes

1. DÉFINITION 1. - A double infinité series l1 ' > ,. said to
be absoltttely sumtnable (C, x, S) or suminabl*» ( -I, if

OO OO p t) -5

< c o .

«w-i, o | = 2 H* - l

OO p p p

Zi I So, » — So,«—i \ ^ Zàt* i i t« |

whore 8m,n and f^fn are the (c, x, 6) mean of the séquence \8m,
and Im^OLn i»f re3peotively and sm>n is the (m, tt) th partial aura.

This is known [14; 15; 16].

DÉFINITION 2. We hare

fc=o I-o

<*) PervenuU alla Sejçi-bteria dell1 U. M l. ;l 4 Setteaibro
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v " • T

I Afav = (1 - aî)-p-i for | x ] < 1,

and by définition [8; 13],

~ n « - 4 - i\» (a=l=-"1
J - 2 , . . . ) .

D É F I N I T I O N 3. - For any séquence (sm,»!, w e Write

ÇO 00
a' ' 'm, » = S 2i A~a~~ Av ^ ^

provided this series is convergent. It is easy to show that [9]

(l.l) Aft.^SwS^.)^ S I
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We also write

|t=0 V=0

, N, m, ») = S S

y. p^=0 v=0

É«>t>;?,°(M, N,m, n)= S S
V (Jl=O V=0

tó= s s (av)-î ;?

so that

2. In 1908 BBOMWICH [2] proyed a theorm on convergence factors
in series su m m a bï e by CESÀBO-means of intégral order TV hic h incla-
ded the Tarions previous résulte. An extension of BROMWICH'B
theorem to series sumniabîe by CESÂBO nieans of non-integral
order was given by CHAPMAN [3] in 1911. In 1912, in connection
with the summability (C, 1, 1) of the double FOTJHJEB series and
its application to certain problème of mathematical physice, C. N.
MOORE [9] extended BEOMWICH'S theorem on the summability
factors of simple infinité series to the ca&e of doubler FOTTBXBB
series. In 1922, EVEBSTJLL [7] gave the «tmlogcus ext©B6ion to
triple series.

Absolute summability factors oi PoüBïEE series were first coik-
sidered by PRASAB [12] in 1988^^^9è%eBiilt8 concerning tkese
investigations are due to CH3EKÖ [4], Çw^ùyr [6\ l'Ai* [lO] and others.

We prove the followi^g theorem:
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THEOREM. - If <x, p are integers ;>0, and if

where X,», X» are positive, monotonie, non-decreasing séquences,
then the sufficient conditions that 2 2S am,n?mtn should be summable
| C, a, p | are

< oo,

S tw^Xm | A*+i, oÊWï w | < oo.

This extends a resalt of PATI [11] to double series.

3. We require tho folio wing lemmas :

LEMMA 1. - If <r > — 1, and <r — S > 0, then

This is known [6}.

2; - ïf p > 0, g > 0, and 1X» |, \ X» |, are the positive,
monotonie/ non-decreasing séquences, and

S S «PW** | A9i+i.*>i+ieOT,w | X^X,, <: oo,

for every p, , ql9 such that
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The proof runs parallel to lemma 2 of BOSAN^TJET [1].

LEMMA 3. - If a > 0, (3 > 0, p > 0, <r < 0, then

E*>?'> fc*(M,N,m,n)) i=o r=o w fj ^=Q v=^0

This can be obtained by applying partial summation and using

4. Proof of the theorem. Let x»,» = arm°n ~ wwam,»%, n and let
f« dénote the (tw, n) th CESABO mean of order oc, (3, of the séquence
m,»j* By hypothesis and définition, we get

3»f
p» = 0(W») as (m, n) —oo,

Tm,o *= Oftm) as m —*oo,
ft

The case a = Ô = 0 is obvions. Let us consider the case a > 1T

. We have

Wl ï H fc

s s
(jt=O V = 0

m
= S

1 = 1

m

= s

m

= S

n

s

l
n

S

- i , »-fc, i, &)
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lieiice by ABEI/S transformation, we have

+- "iT Atoi^ï^f^ût,»; P,P(m—Z, 0, l, n)\ Tï;£

-+- mnAmA»E*>*i P'P(O, O, m, n)T^fn

= ^ S At » ( ikAÏAkE***-' P. P(w - ?, n—k, l, ft) | Tfjl

2 Ao.fciftilljB»!» P,P(0,w-fc,w, ft)|

m
2 At o | lAiEi><*> 3' P(t» - ï, 0, Î, n) |

m i»

- + - 2 2 ( ï - K J + +
Ï=I *=i

j ^ a ; p,p(m_ïf n-fc, ï, ft)

H- other similar expressions.

Now,

At*jB«.«iP»P(m—ï, w-ft, ?, ft)

" ^ *^;* . 3—1 - —p—i - -x—i A —
= 2 2 il»-fc—v-Ay ^TO-i—|i^|i

O 0

2
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An—*—v—iAv Am~ï_iJLA;, £a+Z,v ( fc+i

2J i A»—jt^-v—iAv ^ m - H i - i

m—I—i

2i A ( , . 4 V A1»
|.JL — 0 V = 0

L 1 Av. A,, Am—l—i,An—k—vl^lCz,>.+lr'T
| t —0 v O

a--0 v-O

O V-O

2J 2 I A,jL A v A

—a—1 .—3—1 „— g— i m v 1 -a—i .—a—i

H Vit Sm,»-iA 1 A j A e

i—k—i

v —O

== S S

2J li Ajj, A v A»_ic—/Am—ï—jjL \ A°» « e ( t + i + j , v

ji—o v=o
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"s* "s*
|JL=O V—0

V V il "™~tf

-+• Z* 2i Ay,
|V==0 V--0

-^ S* ,«Ï P' ̂ (m—l^n—k, l, &-i-1) -+- £*. «-*; P» P-1

(m—l, n-k, ?-f-l, A;-4-1)

Hence

n» n g _

l= i k=x

m n p -

l=x fc=i ajfc

(m—ï, n-fc, ï~hî,

1=1 k—1

H- 1 S

-+• simiHr expressions.

Therefore

oo oo a g
2 2 (WM-) 3 j Tnij f
2 2

^2ï(w^
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11 2ft

S S

ïï~ V [^^(ikAiAl)^

- Z , n—Jfc, /

t—2 H—2 o

, fc)

i

•+• other term s of the same form.

Thus it suffice for our purpose to show that

(4.1) S X (mn)—^mX* | em, n I < oo,

(4.2) S S imK

(4.3) S1!XW^
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(4.4) 1 2 iîî fcXfcXi 1 S

(4.5) 2i 2i ilj ilfc AftÀi 2/ 1 g — <roo,
* * ( fc)( Z )

y y j *2i Z» Ai
(n

(4.7) S 2 At+1AÏ+%h 1 S J g ï < o ° '
& 1 ( k ) ( l A A

<4.8) S f AÏ+1AÏ+%h I S

Tho inequalities from (4.1) to (4.3) follow from the hypothesis.
>ui ot the remaining, we sliall consider the typical onet».

Bj lernma 3, since w ^ l , « > 1, 0 < ^ r < a — 1, 0 < S < ö — 1,
we n ve

. <OO.

oc oo J Z , — 1 " " 1 4 2 ~ 5 ~ X I A oc—r,
2J Ô

ï S

Ara

f

S ï

hj hypothesis and lemma 2. This proves (4.4).
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A^ain

l

I—1 fcrl

S

OO CO

o o |n+ü;)(m+/]A»+it4m+/

fc+,

by hypothesis lemma 1 an(J lemma 2. Thie proves (4.5)
Also, since n>% m>% then for O ^ r ^ o t — a,

we have

s S

ÛO 00

1 = 1 & = 1

2i Zi ö —

o o (n *-k}(m *-l)An+kAm+l

co oo

< ex»,

by hypothesis, lemma 1 and lemma 2. This proves (4.6).
The remaining inequalities will follow in the same way. Thus
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Similarly,

S m-* | & | < oo ; S w-i | il | < oo.

This complètes the proof of the theorem
I am indebted to Prof. M. L. MISBA for his kind interest and

ad vice in the préparation o ƒ this paper.
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