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On the uniform Riemann summabiîity.

Xota di B. N. SAHNEY fa Sagar, India) (*)

Summary. - Szusz has mtrodiiced the notion of the uniform summabtlity

(BZ, Dof trtgonomeUtral series. Yano generaîised this restilt on the uni-

form summabihty (R', 1). In ihis paper, the author has extendeâ the

earlier resuit to uniform summability (R', p).

oo
1. The series S av is said to be uniformly summable (R\ p)

y—l

to the SUTH s if

converges uniformly to the sum s in the interval 0<£<7r, where
s„ is the n%h partial of the series considered and p is an integer
(finite) such that p>\.

SZASZ [1] introduced the notion of uniform summability (R\ 1)
and proved the following theorem :

THBOREM S. - If

2n
(1-2) S ( | a, \ — a.) = 0(1)

n

oo
then the convergence of the series H av implies the uniform sum-

v=:l

mability (R\ 1) to the sum s in the interval 0 <C t <C -K.
This resuit was extended by YANO [2] for uniform summability

(R', 1). The object here is to prove the following theorem :

THEOBEM I. - If

(1.3) S ( | a, | —a») =0(1)
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oc

ihen the convergenge of the series 2 ay implies its uniform summa*
v—l

bility (E', p) to the sum s in the interval 0 < t <; ^ /br aZZ intégral
(finite) values of p > 1.

2. We shall require the following lemmas.

1. - If we ^write

then

(2.2) (j\ 4>{J) = 4>1*>(Q = 0(1) as t — O

and

(2.3)

for all fc — 0, 1, 2...
TMs is due to KANNO [3].

LEMMA 2. - If

(2.4) S ( \av | - a v ) =

tlaen

(2.5) s H ^ S a v = 0 ( l )

(2.6) S | av I = 0(1)
n

and

(2.7) 1 v- 1 | av | = 0 (w-
n

The lemma is due to SZASZ [4].
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LEMMA 3. - If the series

'(2.8) t S s,<P(vt)
y = l

converges in the interval O < t <^ ~. then

(2.9) t 'S sA>(vt)= S aypv(«)

where

(2.10) pn[t) = t S <ï>(vQ.
v=n

Proof of Lemma 3. - Applying the method of partial summa-
tion, we have

m m

n M~f-i

We Write

2.12) Tn(t)z=. S v̂ 4>(vi).
V - 1

]NTow, again Ly applying partial summation to (2, 10) we get

(2.13) 9n{t) = - - ^ -+- S Tv(Q/[v(v + 1)]

foy virtue of (2. là).
Now

V = l

= OU) I v. 0(1), for all ° <-t<~l<~

= 0(i) • 0\n2)

(2.14)
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Therefore

2
m + i

(2.15)

Since by Lemma 2. we lur^e sm=O(l), hence [sm/m] —* 0 as
fln —- oo. We find that smpm(t) ̂ O a s m - ^ 0 for all values of £>0
and hence

S avov{t)
n+i

converges, by virtue of (2.11), since the series (2.8) is supposed to
be convergent.

Thus from (2.11) we have

m m

(2.16) t 2 sv*(vQ = snow -+- S avpy(0,
n w-}-i

as m —̂  oo, which yields (2.9) for w- = l.
This complètes the proof of Lemma 3.

3. Proof of Theorem 1. We wrifce

t S sv<b(vt) = t( 2 -f- S
V

(3.1) = T 1 + T t , say.

Now from ABEL's partial summation we have

i

00

Since the series £ av is supposed to be convergent hence we

replace ax by al—s and now we find that

sn — O as n —* oo.
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Therefore for a given s such that ° < £ < 2 w e c n o o s e no(s)

stich that

(3.3) sn = 0(e2)

for all n > n^s).
Hence

(3.4) 1 sv = iSn = tf(ms)
V — 1

for ail M- > no(s).
Affcer e being chosen, we now suppose i to be sueh that

W = 1 + (EQ-1 for 0 < * < - - .

In this case we have

<3.5) wXei) - 1 .

Hence

T, = O(ê ) -+- 0{t) S v-1 | Sv ; , by Lemma 1.
i

), by (3.4)

= 0(s2) -h- O(sH) -f- 0(e)

<3.6) = 0(e) -f- 0(£2).

Considering T2, we write

( Xn oo

S H- S
n+i >.«+:

By Lemma 4, we obtain

by Lemmas 2 and 3.
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^•8) =° (S3) -
Since for a giveii s > 0,, we have choosen no(e) such that s„ =•

= 0(s2) for all w">wo(e), we now define fe = &(X) by n-t-k = [^n]>
so that fc < (X — l)n. Now for all 0 <C t < ie, we assume that
X = 1 -f- (sn^)"1 and hence

t S Sy<I>(v*) = 0(i) S | s,, |

= 0{U2k)

(3.9) = O(e).

And since X = 1 -*- {mt)—1 i.e. X >• (znt)—\ hence from (3.6), (3.7}̂
(3.8) and (3.9) we have

(3.10) T l+T1=O(E) + O(e»)

whic uniformly tends zero as n ^> nQ(s) in the whole inerval
0 <z t < ir, since s being arbitrary small and since the terms of
the series (1.1) are continuous near t = 0, the result follows for
the chosed interval 0 <c£<C TT.

This complètes the proof of the Theorem 1.

I am much indebted to Professor M. L. MISRA for his sugges--
tions and criticism during the préparation of this paper.
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