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On the uniform Riemann summability.

Nota di B. N. SaAENEY (a Sagar, India) (¥)

Summary. - Szasz has witroduced the notion of the uniform summability
(R, 1) of tragonometrecal series. Yano generalised this result on the une-
form summabiity (R', 1). In this paper, the author has extended the
earlier result to uniform summability (R, p).

[ee)
-

1. The series X @, is said to be uniformly summable (R', p)
v=1
to the sum s if
” Sin vi\?
(1.1) Flity=t % sv< ! V)
v—t vt

converges uniformly to the sum s in the interval 0 <<{<Cm, where
s, is the »'* partial of the series considered and p is an integer
(finite) such that p > 1.

Szasz [1] introduced the notion of uniform summability (R, 1)
and proved the following theorem :

TarorEM S. - If

2n
(1.2 X (]la | —a)y=0(Q)
n
oC
then the convergence of the series Y a, implies the uniform sum-
v=1

mability (R', 1) to the sum s in the interval 0 <<i{<Cm.
This result was extended by Yawo [2] for uniform summability
(R’, 1). The object here is to prove the following theorem:

Tarorew 1. - If

(1.3) 3 (la | —a)=00

n

() Pervenuta alla Segreteria dell’U M. I 11 19 acosto 1961.



296 B. N. SAHNEY

o
then the convergenge of the series X a, implies its uniform summa-
v=1

bility (R, p) to the sum s in the interval 0 <<t <<= for all integral
(finite) values of p=>1.

2. We shall require the following lemmas.

LemyMa 1. - If we write

@.1) o(t) = (E?—ty

then

22) (%)k O(f) = dW(t) = O(1) as £ — 0
and

2.3) OW(f) = 0(—7) as ¢ — oo.

for all k=0, 1, 2...
This is due to Kanwo [3].

Levmma 2. - If

(2.4) 2 (lay| —a)=0(1)
then
(2.5) S, = § a, = 0(1)
v=1
2n
(2.6) 2 |a | = 0(1)
and
o0
(2.7) Ty a, | = On1).

The lemma is due to Szasz [4].
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LeMma 3. - If the series

cO
(2.8) t 3 5,0

v=1

converges in the interval 0 < ¢ <C=. then

[e0) oo
{2.9) t 2 s,0ut)= T a.p.t)
y=1 J
where
[ee)
(2.10) ety =1t X dWi).

Proof of Lemma 3. - Applying the method of partial summa-
tion, we have

n m
(2.11) t 2 5, P(vf) = 8,0.(t) — S,nou(t) + Z aup.{f).
n n-f-1
We write
"
2.12) T, ()= 3 vio(ut).
y=1

Now, again by applying partial summation to (2. 10) we get

(2.13) palty = — %@ + %o T.(@#)/[v( + 1)]

by virtue of (2. 19).
Now

T(t)= % viot)

y=1

—0t) £ v.0(1), forall 0<t<t<
=0it) & v-0(1), for a \<n<'n0

v=1

= 0(t) - O
=0 C—;) . Om)(#)

(2.14) =0 (%) .



298 B. N. SAHNEY

Therefore
T.(¢ o
Pult) = — 7# -+ m?_; . T.(t)/[v(v + 1)}
. 1 ]
(2.15) =0 (m> . by (2.14).

Since by Lemma 2. we have s, = 0O(1), hence [s, /m]— 0 as
m — oo, We find that s p,.(f) — 0 as w — 0 for all values of {>0
and hence

o0
I apt)
n-+1

converges, by virtue of (2.11), since the series (2.8) is supposed to
be convergent.
Thus from (2.11) we have

g m
(2.16) t 2 s5,0(vt)=s,0, + I ay0,(l),
n n—41

as m — oo, which yields (2.9) for n = 1.
This completes the proof of Lemma 3.

3. Proof of Theorem 1. We write

© n ©
t X s,,<[)(vt):t< 2+ 2 )s.,d?(vt)
1 1 N1

-

3.1) =7 +1T,, say.

Now from ABEL’S partial summation we have

(32) T, =18,0mt) +t 3 S,8,00).

0
Since the series X @, is supposed to be convergent hence we

v=1

replace a, by a, —s and now we find that

S, — 0 as #n — oco.
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1
Therefore for @ given ¢ such that 0<s<~2 we choose )

such that

(3.3) s, = 0(Y)
for all » > m(f=).
Hence
{3.4) §, s, = S, = O(ns?)

for all % > n).
After ¢ being chosen, we now suppose ¢ to be such that

1
=1+ (f) for 0<t<-—.
o

In this case we have
{3.5) n > (f)~
Hence

n

T,=0@E)+ 0) Zv=11 8,1, by Lemma 1.
= 0} + Ontsd), by (3.4)

= 0(=?) + O(¢?) (t + ;1)
= 0(e?) -+ O(e%) + O(c)
{3.6) = O(c) + O(s*).
Considering T,, we write

37 T2:t< T o+ 3 )S\,fb(vt)
n—41 nt1

By Lemma 4, we obtain

o] oo
t 2 S‘J{b(vt):S)_"_!,_l‘o',‘n_}_l(t)+ % a'uov(t)

amta Inde
1 1 X ay I
Y 2w
- O(Mt>+ O(t) ks Y
2 and 3.

by Lemmas
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1
(3.8) =0 (m> .

Since for a given ¢ >0, we have choosen #ny¢) such that s, =
= O(¢?) for all n> ny(c), we now define k=Ek(») by #+ k=[\n],
so that E<<(A — 1)n. Now for all 0 <<{<=w, we assume that
A=1 4+ (snf)~! and hence

wm n

i S s, dv)=0() Z |sy|
n-f- n-+41
= O(tek)

= Ot — 1)m)

(3.9) = 0(e).

And since A =1 + (snf)~! i.e. > (ent)~!, hence from (3.6), (3.7),
(3.8) and (3.9) we have

(3.10) T, + T,= O() + O(s?)

whic uniformly tends zero as # > myc) in the whole inerval
0 <t<"w, since : being arbitrary small and since the terms of
the series (1.1) are continuous near { =0, the result follows for
the chosed interval 0 <<¢<=.

This completes the proof of the Theorem 1.

I am much indebted to Professor M. L. Misra for his sugges-
tions and criticism during the preparation of this paper.
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