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Some integral equations satisfied by the complete elliptic
integrals of the first and second kind.

by LeoNARD CarLITZ (a Durham, U. S. A.) (¥)

Sammarv. - It is shown that the complete elliptic integrals K(k), B(k)
satisfy (9) and (10) below.

‘WarsoN [2] showed the bilinear generating function

® 1
) A,y h=_3 (n+3) PP
n=~0
can be expressed in terms of the complete elliptic integrals K(k),

E(k), where the modulus %k is a rather complicated function of
x, 4, t. Since

it follows at once from (1) that A(x, y, f) satisfies the integral
equation

1

@) [,y iz, 2 was = aw, = o,

—1

Hence WarsoN’s result implies the existence of a certain in-
tegral equation containing K and E.

In order to simplify this relation it is first necessary to sim-
plify Warson’s result. MaxivMon [1] has proved the formula

(3) § P, (cos «)P,(cos B)i"

n=o0

(*) Pervenuta alla Segreteria dell’U. M. L. il 12 Giugno 1961.
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-5./1 1 4t sin o sinf
—(1—2 z 2 — . . V
=(1—2¢ cos (. +B)+1*) “F 50 97 1; 1"%% oos (:x+p)+t‘-’]

i

= 2(1 — 2t cos {x — B) + t7) * Kik(«, 8, t)),

‘where

4fsin « sin f 1
— 2¢cos(x + B) + 12\~

@) k= ks, B ) =17

It will also be convenient to put

1

(5) T= T(w, 8, )= (1 — 2t cos (x + B) + #*)°.
Clearly
Lot o
Afcos «, cos B, t) = I° at%tg B Pyfeos 9P, (cos p)t"%
e
= tf( t_I;(_I”)) ,

where k and T are defined by (4) and (5). Now

. K 1 oT
téi( T )= T :

It is easily verified that

%2_— (1 — k2

ot —  tT*
also
?_1_‘_ cos(x+ 8) — ¢
ot t :

It follows that

i
b (t’K(k) 1=tk 4K  (1—$)K
A\~ T )* ¢ 4Ky T 2T
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and therefore

. 21—/ dK 1
6) A(cos o, cos f, t):-:_r T (’rd(—k?)_'- QK .

Since
dK E —Ek*K dK B — EkE?K

Ak = T kkr Ak 2k
it follows that
dk 1 E
Baw+ 2K =

Thus (6) becomes

] NIEE:
(7) Alcos «, cos B, )_‘-rc—T3 7
WarsoN’s result

2E(k,) — k,"K(k,)
ol

Acos o, cos B, t) = 1—#)-

1 518
. {%(1—2tcos(«+ (3)+t?)+§(1——2tcos(cx—(3)+t’)2} ,

where

1 1
(1~ 2tcos(x+B)+ ) — (1 — 2t cos (¢ — B) + #3)°

k,

ES 4
(1 — 2 cos (« + B) + £7)* + (1 — 2¢ cos (x — B) + 3)°

can be reconciled with (7) by making use of the fransformation
formula

ok® 1
8) E(l - k) = 153 (2 B() — KK(E)).

Indeed it is easily verified that if

4k,

B =0 %
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then

klz_(l-—kl)z__ 1 -— 2¢ cos (@ — B) + 2

1+k] 1—2tcos(x—+ 8)+1’

s0 that

41 sin « sin B

=
1—2tcosla + B) +#2

in agrement with (4).
Substituting from (7) in (2) we get

fE(k(x, ®, H)EKS, ©, )

®) k¥, @, HEAB, ©, u)

0

sin® d®
* (1 — 2t cos (x + D) + £2)%2(1 — 2u cos (B + D) + u?)3/2

(1 — t?u?) E(k(e, B, tu))

= U= )1 — ud) k%, B, tu)(l — 2w cos (« -+ B) + LuF)pi2

Moreover if we put

Bz, y, )= %_OO P.(@P. ()t

then it follows from (3) and (7) that

™ E(kp, @,
10 ] K(k(», B, t)) kL'i’((—@H))
sin & d ¢

1
(1 — 2¢ cos (= + @) + *)*(1 — 2u cos (B + ®) + u?)/2

_ T K(k(x, 8, tu))
11— ut

1
(1 — 2tw cos (= + B) 4 t*u?)’
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to note in connection with (7) the explicit

(2). 2)

It may be of interest
formula :

Ek) = § L 21
=3 2, (’““‘2) wiwi F"
(5).(5)

T 2/. 2/ asa
2 nio n!n!

We note also that if cos f=1*fcos«, (4) reduces to

o

VE,
+k,’

k=

-

where
1 sin «

I{} = .
! Vl—t’cos’

MaxiNG use of (8) we find that (7) reduces to

1 1—a
(n + é) P ()P, (xt)t" = }7/—({*_—% (2E(k) — k" K(K)),

1) 3

o
where the modulus now is
tV1i—a
Vi—=z%"
We may compare (11) with the formula of GERONIMUS
o0 2K
P,,(x)P,.(xt)t“ = —
=0 = V1 — 2t

n—=

which is quoted by Warsox.
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