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On the absolute harmonic summability of a double series
related to a double Fourier series.

By S. N. MAERESEWARI (Sagar, India) (%)

Summary. - The author defines absolute harmonic summability for double
series and studies a problem relating absolute summability factors for
double FOURIER series by harmonic means.

1. DErFiNITION” 1. — A double series = U, , with the sequence
of partial sums |s,, , | is said to be summable by harmonic means
or summable (H, 1, 1) if the sequence

m ”

tnh n = Pm P, I—o k_z_:o (l -+ 1)(k + 1)

tends to a finite limits as (m, n) — co.
This is known [6]. It may be noted that this is a particular

case p,, =1 of Norlund summability of the double sequence
as defined by Hrrrior [4].

DerivitioNn 2. - A double series I = , is said to be absolu-

ms

tely summable by harmounic means or summable | H, 1, 1|, if
Zz I tmy n tuu n—1 " tm—'—l; n tm—l; n--1 l < oo,
m n
= l tmyn _tm—l,n l << oo, z l t»mn_ im,n—l l <o,
m ”
Compare TimMan [7].

2. Suppose that the function f(u, v) is integrable in the sense
of LEBESGUE over the square (— =, =; — =, =) and is periodie

with period 2z in each variable. The double FOURIER series asso-
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ciated with the function f(u, v) is

© ©
Y 2 A4, (v, v) [5].

1
We write

ofat, )= [+, Y+ )+ f(@+ 1, y— v)

+f@—u y+ o)+ fle—u y—u)

. n—1 P, P, cos (n —_ v)u
Kn(u) - VEO <V -+ 1 - n - 1)('}’[, —_ v)loge(n —y +1)$
h . ”E‘ cos (n — v)u
)= 2 5 Tm — ) logitn — v+ 1)°
et cos (1 — v)u
h:(“) - v:21 v(v -+ 1)('}’[, — v) ]ogg (’VI/ v+ 1) .

VARSHNEY [9] has proved the following theorem:

THEOREM A. — Suppose 2 4,(f) be the FoURIER series of the
function f(#) which is integrable (L) and is periodic. Let

t
Jistw 1 au=ot), as t—o,
0

then the series X n—'{log(n+ 1)}j—cA4,(f), (>0), at t==a, is
absolutely harmonic summable, Where

olt) = 3 [fl@ -+ 1) -+ flo — B

We shall prove the following theorem:
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THEOREM. — If

oty o) = [ s [ 1 ols, 8| dt = Ofu),
@.1) f dt | f os, t)ds | = O(w),

jﬂ ds | ] ols, )t | = O0),

as 4 — 0, v — o0, then the double series

Ams H(M’ ,U)
mn {log (m + 1) - log (n + 1¢’ (¢>0),

(2.2) L3

is sumable | H, 1, 1} at u—=a and v=y.

223

This theorem is a generalisation of Theorem A for double

FOURIER series.

3. We shall require the following lemmas.

Levya 1. - Uniformly for o<t <,

m gin kt
. K

s
where m and n are any positive integers.
This is known [8, p. 440].
Levma 2. - If 0o <t <=, then

nocos(k+1)¢| 1
520 = oft v oeg).

This is known [3]
‘With the help of Lemmas 1 and 2, we deduce

Leuua 3. - If o <t <w, then for all positive integers m & m’,

sin
% cos (m— k)it

1
kom Bl 0(1 + log 2)-

16
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LeEMMA 4. - We have

[;J-z (n+ )P, —(k+ 1)P
() A ((n — k)logt(n _4;; + 1’;)

= O (logi—mn), s >0,

——
i

—
>

2

. | 1 _ 1
) k};o A((n— E)yloge(n —k + 1))' - O('n logEn) ¢>0,

o
i) 3 A(klogé(nl—-k - 1))’ =0 (10;7)’ :>0.

k=1

Proor. — Result (i) is known [9]. For proving (i4) we observe
that
"
K

-2

| —

1
,Eo A((n—k)logE n—Fk + 1))‘
—0 [n/2]—2 1
_" [ K=o (® — Ek)n — k — 1)logs(n — k+1)]
0 ["/2)]‘—2 1 i
- [ kmo (0 — R logite(n —k + 1)1
ot [E]\ * 1
- ln’ < logt(n —k—+ 1)]
= O[1/n logen].
Again
[;]‘2 1
kil A(klogﬁ(n —k 1)) '

|nlz)]‘—z i 0 [1/2]—2 1
=0 l T Flogi(n —k+1)] + [ le k(n—k+-1)logite(n — k +1)l

) 1 Gl R
= [logsn ? E“’\ +0 [n logite m 21“ E]
= 0(1/logen).

This proves the lemma.
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LeMMA 5. — For o<<t<<=, ¢ >0, we have
K., (t) = O(log®n[n).

Proor. - Since

cos (1 — v){

Pn v
loge—(n_—r—o-_ﬂ:OU) as 1 — oo and;——>

+1=n+1

for n>v,

we have

P, P,
v+1 w1

1

‘ Kn(t) l = I (,n _v)

=0|% s = 0 5

This proves the lemma.
Proceding in this manner we can establish the following ine-
qualities:

() = Olog nfn), Iofu) = Ollog nm), - K. (u) = Ollog® m),

4

an h, (u) = O(leg n), a he(u) = O(log n).

du

LeMMa 6. - If o <u <= and for every positive eg=1,
\ r
E.(u)= 0 | log E) n logs—! n%,

log (%)/ n logen % s

hy (u) = Oi]og (%)/nlogw»i,

hy(u)=0

where r is some fixed constant greater than .



226 S. N. MAHESHWARI

Proor. - Result (¢) is known [9]. We have

cos (n — vju
—o(v 4+ 1){(n — v) logt(n —v+1)

hy(w) = Z

[ﬂ“ n—1
= X + X =23 + 3,, say,

y=0 2}
2

so that by ABEL’s transformation,

—_—

-+ P4

v=0

[?]_1 1 cos (1 — v)u
L= 2 GW_Vlogm—v+1 v+1
[n/2]—2 1 v cos (n — k)u
- .,_Z__o 3A ((n-v)loge(n—V+ 1))( 3 kio kE+1 ;
1 ["/2$1‘--1 cos (1w — v)u%

v+ 1

(5] 2)row([51+2)
=0 [log (%\) / n loge n] ,

3 "E‘ cos (n — v)u
£ o O D) Togen v+ 1)

and

0 "gl 1 )
- ( ) [n/2] log& (’n — VvV + 1)

=0 (n ljgtn) ’

This proves the result (#¢). Again

[g] cos (m — vu
2 b+ Dlog n—y + 1)

v=1

hyfu) =
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["/il‘—-l cos (m — v)u
v—1 B+ 1)(n —v)logt(n —v + 1)

—+

"i‘ cos (1 — v)u
-+ 21 V0 + D —v) loge(n — v + 1)

—w ol <r)/ * Lo z 031»:—1 1
=a 3Og't_4 woRogE i+ 13 (5 logs (n — v + 1)

where by ABEL's transformation,

1["/2;: 1 1 cos (1 — viu
viogimn —v +1) v+ 1

y=1

__1[nlzl—2§ ( )e % Y cos ’n—k)uz
I vlogi(n—v+1)\ P E+1

1 [(#21-1 cos (1 — v)u }

AR HE R
—of)f e

This proves the lemma completely.

1
“+ — .
n

4. PROOF OF THE THEOREM. -~ Liet U, , be the (m, n) th term
of the double series (2.2), then we have

t 1 g” ;" S oy n—K

mn =P P, mEn =0 k=0 (= + 1)k + 1)

1 3 (m 4 1)7'8y, umk + M8, ok s - Sy ek
.P k=0 E+1
a—— _1 4+ 1 1 g\ s()y"—k + m_] 2 81, n—k
=pp, |tV 2 %1 RIS Bl
n S, n—k.'
...... -+ kEO %1 ]
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=pp [m 4+ 1) (m + 1) sy, o + B8y, + e + Sg, 0 |
m ”

— — —1
+m ) (m+ 1)), 0TS e 8y, L)

......................................

—1 —1
-+ ' (/n' -+ 1) sm, [} +n s/m 1 + .+ s/n) n :]

1
= F_P_[(m + 1)—l ‘P11U050+Pu—]U0»1+ e UOynf

+m ' {PU,,+ P, U, + ..+ U, 1|

..................

+ | PuUp o+ Py \Upy y + oo + U,y 0t ],
so that

m—1 1 1 ”—1. Pn PJ
tm; ”_tm, ”—l=[.u§0(y” -+ l)Pm ’ 'Pn,Pn——-l \)EO (V -+ 1 - n + 1) Um_l"""—":l’
and

tm,Zn - t:m n—1"_ tm—l; n i

m—1y n—1

1w ( P, P,

1
- E. PnPn—l ‘JEO V+ll— %+1) Um,n—\‘

1 mil 1 1 1/ P, P, o
~llm+ )PP, = v+1 "P.P,_,,5, (v +1 n+ 1) ’""“"‘—"}

1 m§1 1 1 nzi/ P, P, - ]
T Pumy y2y e+ 1) PP, 5, (v +1 _47;—1> i

For the double FoURIER series of f(u, v) at u =k and v=1,
we have

A, (u, v) == j / o(u, v) cos nu cos mvdudv
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s0 that

tm, n tm; n=y —_ tm-—-h n ¢

m—i n—1

i "£1< P, Py ) cos (n — k)u
/] (w, UJ PP,,._,;L o \k+1 n+1 (m—k)loge(n —k+1
o
cos mwy
§um loge (me + l)% dudv

{ [ ”2_“1< P, Py cos (n — kyu |
- oln, v PP" ko \E+ 1 n + 1) (m—Ek)logs(n — k+1)\

1 m1 cos (m — v { dud
e+ )P, P, _, 1= (I + 1)(m — 1) loge(m — [+ 1)}°7°%%

L 5" 1 n;‘l( P, Py ) cos (v — k)u
i /,[ o(u, v) }P P,_, k: E+1" m+1/(n—k)logs(m — k+ 1)
[V
1 me cos (m — Y v
%Pm—l l}:o l(l -+ 1)(7}’1, —_ l) lOgE (m — 1 5 1)2 dudv
4 K, (u) cos mo
_z[ ] (u, v) m P, P,_ P, logt(m + l)dudv

m=—1

4 ‘ K. (u)h,(v)
- } f (P(u7 V) PnPn—ol m + 1).PmP dudv
V] o

- % / ] o(u, v) P——_KP(HM__) P{ ) duav
0o 0

m—1

4
= [/, — Jy — J;], say.
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In order to show
m 3 | tmn n m, n—1 t'm—!, nt tm—'h n—1 | <°°’

we have to prove that

(4.1) LE[J | <oo, ZE|J,| oo, ZE|Jy| <oo.
Now,

1 )
J, = mlogitem Togim ° ff 9(u, v)K,(u)cos mvdudv
0 o0

~sweigs ) |« [ [ [+ T ]

i/n 1/m

(42) =J,,+J,,+J,,;+J,,, say.

i/s 1/m

1 [ 9(u, v)K,(u)cos mvdudv‘
)

m logltem - log*n
o

[T, | =

in 1/m

1
= O(ng—m' f | 9w, v) | dudv)
0 0

®
&
l

1
=0 ('mﬁw log+e m) :

1/m
1

Jy, s = mlogitim - log* n © f K, (u)du [ o(u, v)cos mvdv,
i/n 0

1
mlog1+emlog 'n M)dw \%s cosl

ifm

+f b, (u, v)msinmvdv”

0

=dJ,01+Jys1
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where

v

@ (1, v) = f o(u, t)dt,

]

provided this integral exists [1], so that

™
1 i
I 1= mlogitem - log'n / K. (u) ®, (u, %) cos 1du
1in
1 ki 1
r
=0 (m logitem - nlogitem f e (u, ;n_) log w du)
1/n
—0 ( L
= U \m®logitem . m logrte n)
1 T 1j/m
S, = m Togite m - Tog'n f K., (u)du / @, (u, v)m sin modv
1/n 0

1 1/m -
i r
=0 (m logitem « mlogitem f m | sinmv | d’”j | ®,(u, v)log %du)
° 1/n
1 1im
=0 (mlog1+€m -nmlogite . j mo | sin mo | dv)
0
_ 0( 1
- m? logl-l-e men 10g1+s n) *
Thus

44 J. —0 1
( . ) i 1,2 l - (m210g1+€m . %logl-l-eryg, .
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Again
n 1/n
1
T e [ cos moav [ s, v, )i
im 0
i e 1
1
~ mlogitem - login [ [ cos mudv ) &, (4_’& ’ v) K (7_’&)
1jm
1/n ]
_ f ® (u, v) K’ (w)du H
S .
=Jai+Juae-
Now

)

T
_ log (rn) [ 1 )
Jiu1=0 (m logi+em « mlogite m T ’ (pl(”_", v
1im

_ 0( log (rn)
T 7 \mlogitem . m? logite n

1
=0 (m logi+tem - n? loge n)’
and

1/n T

1 ’
Jls 32— 0 (m 10g‘1+e wm e lOgQ’Vb ° / = Kn(u) l du . v/‘ I q)l(u: 'D) ] d’U)
0 1m

1jn

1 —
:O(m logi+e m - logtm. / w i K'ofu) | du)

0

1in

1
= O(W_’LW . / ltdﬂ)

) 0

1 .
=0 (n'?m log1+e m) ’
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therefore
1
4.5) IJ1,3I=0(W :
Also,
I, = m logl-l-E wlog'n ' [ [ o{u, v)K,(u)cos modudv
1ln ilm
=0 ! 1 d d
= ”®10g1+5m 'nlog‘*s'n } ’M/, ’D) l og u av
s m
46) = 0( 1
( ' ) - m log1+£m -n logl—!-en) s

since, by partial integration for double integral [2; 10] we
observe that

g T

/ ] | o(w, v) 1 log %dudv
L

4
m

is bounded at the points at which conditions (2.1) hold.
Combining (4.2), (4.3), (4.4), (4.5), and (4.6), we have

3| J, |:0(>:>:%,m—1—>+o(gz__}____)

¢logitem n*m logite m

+o(zz L =

m?loglte m - n logiten

@) = O(1).
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Now let us consider J,.

im 1jm © 1jm 7 1n

Jo= mlogmlogng/f*'f {“'"f /"‘// o(u, v)K (u)h,(v)dudv

ifn 0 1im Ks
m
(4.8) =dy,, + s+ Jyy + Jy,, say.
1 i/n 1jm
Jyn = m Togim log'n f o(u, v)K, (u)h,(v)dudv
4] o
1 i/n 1/m
ZO(W' boo(u, v) | dudv)
] 0
1
(49) =0 (n?m3 log m,) ;

By partial integration as in J, ,, we have

1jm
Tos= mTogmTog n[ Kawdu | ofu, vy @)do |
0
1 " 1y (1
= rtsgrmiogea| | Koot o () (5
i
1jm
— f @, (u, v)I'\(v)dv % ]
0
= sy 5,1 + Jy, 5.0, 82Y.
_ log (rm)
Iy 8,1 =0 (,n logi+en - m? 10g2+5m f ' ) log - du)

=of )
- nlogt+e n » m® logite m)’
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4
m ki

1

235

v 4 ’
Jaus, e = O(mlog“’ m - n logite n j {W\(v) | do- j|¢1(u> ”Hlogﬁdu)
0

R~

4
m

1 ~ ,
= O(m log*m n logiten ' ] v | By(v) | d'v)
0

kS
m

1
=0 (m logm « nlogiten = J 'vdv)

0

- 0( 1
T \mPlogm - n log1+s'n> ’

so that
1
#10) Jx,=0 (m“ logm « n log‘ﬂn) '
Also
1
ud ”
1 hl
Jo s = W{ f hy(v)dv f plu, v)K,(u) dMJ
0

S

T
1 ! (1
= m—-—————log?mloggn[ / h,(’l))d’u ?‘D, (ﬁ y ’U) Kn\;’;)

ES
m

=~

— ] ”‘b,(u, WK, () ‘ ]

=dy, 3,1+ Jy,5,4, 8aY.
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. log (rn) 1
JZ: 317 0 (m3 10g2+€ MmN 10g1+5 n ) f l (bl (ﬁ’ v)

1

m
o i
T 7 \m? logte m - m’ loge 'n) )

1 ™
4 r
Tons= 0 (sorogrrom og * | Kl du [ 0w 0)]10g] av)
[
m

e

1 ’
=0 (’Wlog2+s m - login = f w | K’ (u) | du)

0

1
=0 (W logztem - 'n’) ’

Thus

1
(11) J,,=0 (Wm)

1 ' roor
J” = 0 (n ]_ogl-l-e n . m? 10g2+£m ¢ f / l ?(’M, 'l)) | loga log 5d%dﬁ)
4

s m

1
(12) =0 (fn logite » « m? logate m) ’
since the integral
f ] |log( )log( )dudv
1
m

is bounded.
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‘With the help of (4.8), (4.9), (4.10), (4.11), and (4.12) we obtain

(4.13) 231 J, | <oo.
Similarly,
(4.14) 2| J; | <oo.

Collecting (4.1), (4.7), (4.13) and (‘4.14), we have

3 i t:mn - tm, n—1 tm*l, n tm—h n—1 | < oo.

Similarly it can beJshown that

¢ A
] | tmwn - tm-—l,n l < oo, % tm,n - tm; n—i l < oco.

This complets the proof of the theorem.
I am indebted to Prof. M. L. Misra for his kind interest and
advice in the preparation of this paper.
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