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On the absolute harmonie summability of a double series
related to a double Fourier series.

By S. N. MAHESHWARI (Sagar, India) (*)

Su m mû r j . - The author defines absolute harmonie summability for double
series and studies a problem relating absolute summability factors for
double FOURIBR series by harmonie means.

1. DÉFINITION' 1. - A double series 2 2 UHiiH with the séquence
of partial sums j sm, n j is said to be summable by harmonie means
or summable (H, 1, 1) if the séquence

tends to a finite limits as (m, n) —̂  oo.
This is known [6]. I t may be noted that this is a particulai*

case pn =z -——r of ISTöriund summability of the double séquence

as defined by HEKRIOT [4].

DEFISTITIOKT 2. - A double series 2 - Um, „ is said to be absolu-
tely summable by harmonie means or summable | JÎ, 1, 1 | , if

< o o , 2 | <„„ n - lm, „_, | < o c .

Compare TIMAN [7].

2. Suppose that the fiinction f{u, v) is integrable in the sensé
of LEBESGUE over the square (—u, T ; —T:, T.) and is periodic
with period 2n in each variable. The double FOXJRIEU series asso-

H Pervenata alla Segreteria dell'U.M.I. il 22 giugno 1961.
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ciated with the function f(u, v) is

W e w r i t e

Ï2Am,„(u, v)[S\.
1 1

*» *>) = 4 Df 0» •+•w» 2/ -+• <0 -+" ƒ (» •+• w, 2/ — «)

H- f (x — u, y -+- v) -H ƒ (a — w, y — v]\,

v=o \v -*- 1 w -f- 1/ (w — v) log£ (n — v + 1 ) !

n~x cos (n — v)w
— v) log£(n — v + 1)'

v = 1 v(v -+- l)(n —

YARSHNEY [9] has proved the foliowing theorem :

THEOREM A. - Suppose 2AJt) be the FOTJRIER series of the
function f(t) which is integrable (L) and is periodic. Let

\ <p(w) | du=O(t), as

then the series S n—1 | log (n -*- 1) \—*A„(t), (e > 0), at £ = #, is
absolutelj harmonie summable, where

We shall prove the following theorem:



(2.1)

ON THE ABSOLUTE HABMONIC SUMMABILITY OP A DOUBLE, ETC.

THEOREM. - If

U V

v(u, v)= ds l | ©(s, t) | dt= O(uv),
0 0

7T «

ƒ dt\ J <p(s, t)ds | = O(u),

223

0 0

7T tî

J ds\ J <pl»,
o o

as u —* o, v —* o, then the double series

(2.2) y y

j log (m H- 1) • log (» H- 11 *'

where m and n are any positive integers.
This is known [8, p. 440].

LEMMA 2. - If o < t < ir, then

5 COS(fc H- 1

h

is sumable | H, 1, 1 ! at te — x and « = |/,
This theorem is a généralisation of Theorem .4 for double

FOURIER series.

3, We shall require the following lemmas.

LEMMA 1. - Uniformly for o < t <C TZ,

\ sin M

This is known [3].
With the help of Lemmas 1 and 2, we deduce

LEMMA 3. - If o < t < ir, then for all positive integers m & m',

**' cos (n — k)t
>, i

1\
+ lOff 7 .

16
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LEMMA 4. - "We have

(ii) S (n — k) log£ (n — fc £ > 0 '

—fc -+-
= 0

PROOF. - Resuit (i) is known [9], For proving (ii) we observe
that

s (n — k -H 1) j I

1 H/)\rv rC

—fc-t-l).

. f ih
n* (w — fe H- 1)

Again

h- —2

fc log E

•[n/2l-2

r i U1 i i f

"̂ [ l o g ^ ^ fc2] "̂  ° l»

5= 0(l/log»w).

This proves the lemma.

i UJ i

n f fc
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LEMMA 5. - For o <; t < 7r, S :> O, we have

*„(*)= O(log<n/n).

. - Since

225

cos (n — v)t -t4 , PM

- -—- — 0(1) a s w ^ o o and r >
loge (n — vH-1) v ; v -H 1 —

w e h a v e

v H- 1 n - f - 1 ( n - v )

for n > v,

•°ki
1 o / loi l»\

-v)J \ » /

This proves the lemma.
Proceding in this manner we can establish the follo^ving ine-

qualities :

h^u) = 0(log n/n), ht(u) - 0(log n(n)9 ™ Kn(u) =

— h, (w)=0(log»), ^ fc,( = 0(log

LEMMA 6. - If o < u < TT and for every positive e -=|= 1,

Ji2 (M) = 0 j log ( ̂  j

where r is some fixed constant greater than
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PROOF. - Resuit (i) is known [9]. "We have

l W ~v=o(* "H 1)1» — v)l0J-(»- V-Hl)

- 1

-+- S = S, -f- Sj,, say,

[f]
so that by ABEL' S transformation,

and

cos [n — v)te
j±0 (H - v) loge (n _

[rt/2]-2 cos (n —

=• + 2

i [n/2]-i

'1 ï

^ y nlog«»J,

»—i cos (n —

[»/2](v-*- !)(» — ^

-VH-l))lOg»(H-VH-l)

\^loge^/ '

This proves tLe result (ii). Again

= : s
cos (n — v)u

^ «v(v H- 1) loge (n _ v -f- 1)
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cos(n — v)u
-f- Zt

:1 n(v H- l)(n — v) loge (n — v -+-

" - 1 cos (n — v)u
{m v(v -+- l)(w — v) log*(n - v + 1)

i /r\ I J ( 1 n~x 1 1
( ë \uJI * \ (n3

 [w/2] log* (w — v -+- 1) S

where by ABEL's transformation,

n v = 1 v l o g e (M- — v - + - 1 ) v - f 1

y c o s {n —A^ i A ( \ \ \ y
n ÏL î lv logB(n - v + l j M ^ fc H- 1

This proves the lemma completely.

4. PROOF OF THE THEOREM. - Let Um, n be the (m, n) th term
of the double series (2.2), then we have

ir i W « 50,n-fc x 5 «l.
" P"„7P^ L "*" fc?o A;-f~l + m ~ fc_0 "ft

.,«-fc

-f- S T^
fc:o ft + 1 J
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•Ttn-Ln

H- m - 1 } (n +- ï)~lslr 0 +- w

H- i (n -+- l)-'s„1; 0

-+- ! PnUm,, +- PM_,Z7m,, -H ... + Z7.,

so that

I m 1 1 1 »

and

—Pm

V J
(m ,

1 J

For the double FOURIER series of f(u, v) at u = k and v
we have

7T TT

J t/

cos M^ cos mvdudv
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so that

4 fV, \ i y / p, p* \ cos (n — k)u
• k) log£ (n —

cos mv i , ,
dudvmPm loge (m -+- 1 )1

~ ~ cos (n — k)u \
z - >

1 m~1 cos (m — l)v .
(m ~\

4 f r l 1 n~J / P n Pfc \ cos (^ — k)u i
~~ ^ J J ' t P « P « - i fc=0\^ •+• !• w - f - 1 / (w — fc) log£ (n — fc -t- 1)}

o o

1 m^-1 cos (m — Z) t?

7T 7Ï

cos mv
m PnPn-.P», log* (m -+-1)

^ J J
dudv

_ 2 1^1 « '* *^3JJ
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In order to show

S S | L „ - tmi n-i ~ *m-i, „ •+• <m-i, *-i I < » ,
m n

we liave to prove that

(4.1) ï ï | j r , | < o o , S S | J - 2 | < o o , S S | J " 3 | < o o .

Now,

J, = —;—rz Ï—;— * i / ®(w, 'ü)ÜLn(«) cos mvdudv
1 w l o g ^ w • logxn J J

o o
i/n i/m 7T î/m î/n n

oo i/n o o î/m i/n î/m

(4.2) = / 1 ( l + Jx , , •+- J",, a -*- J,, 4, 8a7-

1/» l /W

f f
i I ©(te, v)KJu) cos mvdudv

J J0 0

ijn i/w

= O f î — • / / I <P(té, ü) I di tdV )
\mw logx+e m J J Tk ' ; ' /

(4.3) = O

0 0

n i/î»

Jj,t== —Ï—-r , « • / Kn(u)du i <D(U, v) cos mvdv,
*>* mlogt+tm • log* n J J

i/n o

7T

i—9— / KJu)du ) ^Au* — I cosl

i *!(**, f )w sin rn-y dtt? ?

ijn

» 2» l "+" «^lf 2» î î



ON THE ABSOLUTE HAKMONIC SUMMABILITY OF A DOUBLE, ETC. 231

where

®i(u> v) = j <p(«, t)dt,

provided this intégral exists [1], so that

\og2n

TT

J KJu) *! \u9 — J cos
/

ƒ

ywi1 Iog1+£m • n

/
—r— i KJu)du l ^i(u, v)m si

i/n O

sin mvdv

zz O — • /n J

i/m

m | sinwv i dv
O l/»

7T

/ ! ̂ i^t, t>)log - du)

= O

i/m

' n log1+£ n J sin wy | dv )
}

= 01
ym1 Iog1+e m

(4.4) l>2 ' ~ ° [
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Again

l/tt

ijm

m log1 , ..• • / c o s m t ó ' ü ) * ! > ( - , t ? ) J K „ ( - |

m-log^^ [ J I l\n> J n\n)

lin

- ƒ <Î\K «)

**!, 3) l "+" J\* 3, 2 *

( log (m) f
T^Tog^n' J

=°G log

m

and

1,3,2 = 0 log2n ƒ

n2 log£ nj '

du - ƒ I * i (« , v)
l / m

il»

= 0 f—i—,J. 1 i—r~ • ( u \ K'Ju) I die)\m log1+£ m • log' n J } ' /

i

/ i r
= 0 —Y T — •

\tHlog1+6m .ƒ

udu)
/

0
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therefore

Also,

u 4 m log1+£ m log* n "
lin

C0S mvdwdv

= o f 1 f' f' r
I -—T- 7J— " / / I ^ ( ^ l 1̂ ) | lOff *~

^ * ' \

sincê  by partial intégration for double intégral [2; 10J we
observe that

û 7T

f f r
I f I <u(u, v) ! log - dudv

J J w

is bounded at the points at which conditions (2.1) hold.
Combining (4.2), (4.3), (4.4), (4.5), and (4.6), we have

S S | J, | _ 0[Z 2 w , w , l o g l + e w ) -*- 0 ̂  S n .

m2 log1+£ m̂  • n log1^ n

(4.7) = 0(1).
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(4.8)

let us consider J%.

lift l / T » 7T 1 /7» 7T l | t t 7T 7T

H H H fllog J ƒƒ H H H f
e o i/n o i/m o i. j .

J2 , s -t- J 8 J 3 -+- J 2 , 4 , say.

i/n ijm

i/« i/m

= 0 ( PI • / / | CD (u, v) I du dv )

(4.9) = 0 f-ir-rr ) •
v ; \n2m3 log mj

By partial intégration as in Jlt %, we have

7T ÏJTÏI

1
2 ) 2 m log* m ]

il*

Kn(u)du j y(u9 v)hl(v)dv

= — i — r ~ i — r - f f ^HN«*W 1 * i (M, - ) Ai f-w log* m log*n j J MV ; ( \ m / J \ w

i / m

log (rw)
M- log1+£ M- • m 2 Iog2+e ?n

f 11
7 I J i {|

7T

ƒ <&. (w, — ) loe - dte )

m3 log 1 ^ 5 m
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nlogi+.n * J v ! ^'lW ] dv)

0

X

^ \m log m- • n Iog1+e n j )
0

\m3 logtw • n Iog1+£M-/ '

so that

1
(4.10) Jiit=O

Also

71 n

1 \ r r
J , , = —-,—7> ^—i— / hAv)dv i rniu, v)KJu) au

*>* m log2 m log* n [ J n ' f TV ' f nK }

m log2-^—x—j- [ f hx(v)dv \ <*>, f-, v) K J -2mlog2n[ J l } I \w' / \n

n

— j *»(!*, v)K'„(u)dw I ]

say-
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log (rw)

I

0
m2 Iog2+e mt . n ' loge n / '

m.log'H * ƒ ^'«WI ̂  ƒ

-̂  i—r- * I
£ m - ]og*n J

0

\m2log2+£ 'm • n*/ *

Thus

1 \m2 log2+£ m • n*)

7T 7T

J J | <p(«, t;)|log-log-d«dt;^

(4.12) =
n • m* log*+z m

since the intégral

7T 7T

i. J-

is bonnded.
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With the help of (4.8), (4.9), (4.10), (4.11), and (4.12) we obtain

(4.13) 2 2 | J% | <oo.

Similarly,

(4.14) S S | J3 | <oo.

Gollecting (4.1), (4.7), (4.13) and (4.14), we have

SS ! LH- t W l . - l -Un + U . - l I <°°'

Similarly it can befshown that

S i tm n - tm_u „ | < oo, S ! tm, n - ta, ,_, | < oo.

This complets the proof of the theorem.
I am indebted to Prof. M. L. MISRA for his kind interest and

advice in the préparation of this paper.
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