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SEZIONE SCIENTIFICA
BREVI NOTE

On the Cesaro summability of the ultraspherical series.

By B. C. SineHAI (Sagar, India) (¥)

Summary. - The author has obtained theorems for Cesaro summability of
the uliraspherical series which extend and generalize the resulis of
wang [6 and 7] of Fourier series.

1. Let f(8, ¢) be a function defined for the range 0<<0<<=
and 0 <o < 2=n, the ultraspherical series corresponding to it on
the sphere S is

o )PP (cos w) sin’ 8" do’do’

H

el
a1 e, cp)m'i—z 3 (n+)\)f e, :
n=0 s [sin*0" sin® (0 — (?,)]2—1

where

cos » = cos 0 cos 8" + sin 0 sin 0’ cos (9 — ¢’).

The LAPLACE series is a particular case of (1.1) for k:% (4]
We write [see also; 5]

1 8, ¢')ds’
(12) ) = g f 1%, ¢)ds

sin 0)}21 . ear iee , ‘_-—l,
¢, [81n®0’ sin? (9 — ©')]2

and

A
13) o) = { O p—

0 @)=y | @— P siits

} (sin w)2* 5

F(p)
D (x) = o(x)
¢p(@) =T(p + a—r Op (), p=0;

(*) Pervenuta alla Segreteria dell’U.M.I. il 10 aprile 1961.
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and

d
(I)P(x):a_x@lo-l-l(x): —<p <O

The absolute integrability of the integrand in (1.2) is assumed
throughout.

The author has obtained theorems for CEsiro summability of
the series (1.1) analogous to those of Izumr and SuxoucHI [1]. The
object of this paper is to extend and generalize the results of
WaneG [6 and 7] for the same series.

‘We prove the following:

TEEoREM 1 - If v>§>0 and
Dp () = O(pr+0twn)

for 200> land 0 <) < 1.
Then the series (1.1) is summable (¢, o + ) at the point (0, )
to the sum 4, where

vim —1) +§
b=
v+m—§

and m is a positive integer such that m =8 > m — 1.

THEOREM 2. — If $ =1 and

p+2)
ve ()=o)

for 8 —1 <a<{f and 0 <A <1
Then the series (1.1) is summable (¢, « + }) at the point (9, ®)
to the sum A.

2. We require the following Lemmas:

LeuymA 1. - In order that the series (1.1) be summable (c, k) to
the sum 4, it is sufficient that the integral

3§
i :]c_?(m)s,{c(m)dm =0(1)

for0 <<3 <= and for each k> X\

Lemma 2. - Let S’f,(m) denote the n CEsArRo mean ofZorderik of
the series

s (n+ R)P(nl)(cos 0).
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Then we have, for X >0 and p >0,

! 0(%21*'13-}-1) for 0<w<<m, k>0,

nitp—k 1
O(:ﬁc—'ﬂ\-}-x) + 0<m,,2l+2+p)

for O<w_<_a,<1:;

ar 1s%(«
s%)(w) = -———go)gm = ;

%)ﬂ—%p-—k
O(W) for0 =w<<a <=w and
A+1+(pl=k.

LeMMA 3. - For a non-integral

S3=—=m +c 0 <o),

we have

A
[ Ds(0)s(u)du = Do 2(Asie(A) ] Om(t)
o

1
LEvMA 4. - T 0 <<u<C P

F(n, u) = Om2+wtiym—g) 4 Q(n2rt+m-+iym—L—1),
where

ES

F(n, ’“')—F fﬂ) /(t—u)m e-155(t)dt.

Lemmas 1, 2, 3, are due to OBRECHKOFF [3] and Lemma 4 is
known [5].

3. Proof of Theorem 1.
In order to prove the theorem, it is sufficient to show that
5

lim <p(u)sf:+1(u)du =0
N —> 00

under the conditions of the theorem.
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‘We have the following inequality:
B>a>m—1 [F. T. Wana]

Also we have

Then

)
i= f 9(0) sn(v)do
= [ El(— 1= Dy (“’)(d%y—lsiﬂ(“’)]f + (— 1ym f 6 Oty (t)dt.

=1+ (— 1)=J.

since « > m — 1,
I—=o0(1) as ® — oo.

(3.1)
We write
3
J= j Dml(t)sT(t)dt
4]
1
n 5
= f “+ f =J,+J,.
s
(m—1) 8 (m—1)
(32) Jz - [q)m(t)Sn (t) ]i —_ f @m—l(t)sn (t)dt
"ot
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1 nm—i—o
R:O(l) -+ 0 (n—v_T_(1+m> . O< )

ﬁ——a——l—z)\

211

=o(l) as ® — oco.

Also if we write

t

Then

(3.3)

3
S=0 [%m—l—-a [Pl dtJ

R~

8
#g) 1° D* )
= O(nm—1~9) [tﬁ?-ﬂ\ 11]1 + O (wm—1—2) / tatant? b

o

S

1
= O(nm—1~a) 4+ OQ(nm—1—02) . o (m) nod 241

¥
O(tv+tw)2x
+ O[nm—-l—a) (toc—{—zl-i-z )

S~

=o(1) as n — co.

‘When § is not an integer

-

J = [ D (s ()t
;

3=

- ’ Delw)F(n, w)du.

0
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Wwhere

-

1 ! m
Fln, w == f (t — wpr—2=157" ()at.
u
Now

E

n

Jl —0 [ f uv+(1+(,))2)\0(n2).+m+1um—ﬁ)du}

0

(3.4)

1
n
-+ O[ [ wr+-(Tw)2h 0(”2).—}-m-|—1um_3__1)duJ

0
=o0(1) as n — oco.

When B =m is an integer

(3.5) J, = f Da(t)s ()t

R~

=0 I f w(te)2n O(nB+1) du]

0
=o0(1) as n — oco.

Combining (3.1), (3.2), (3.3), (3.4) and (3.5) the result is proved.

4, Proof of Theorem 2

-

If we put

g3=1+8,

and suppose for a non-integral &

S=m+o o <o),
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Also let us first take the case when m =1, then

A
i= ] D(w)se ™ (w)due

A
— { T (— 1= @, () (d%)r’_ls:ﬂ(u)]: (= 1)m / OuB)s(#)dt

=1 /
e o

=TI+ (—1mJ.
From Liemma 2 we observe that
59

(A) =o(1) as » — oo for « > g.

since « >3 and 8 > m, hence « > m.

Thus
4.1) I=o0(1) as n — oo.
Now
A
J= f D mit)sn (t)dt
0
A
= (I)m+1(A)S(¢:n)(A) — f (I)s(u)s(ns)(u), [by Lemma 3]
[
=J,—J;.
But
(4.2) Jy = o(1) since « > m.
Now

£
1} n” A
Jszj(ps(u)sf)(u)du:f+ [:Il+12
0 0 1
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where
_ o« —0 o« -—20
H ) R el )
But we have [1].
t
1/ B-1 B+22
(4.3) op(f) =5 [ (1 —l:} o(w)du = 0 Kt a—pFT B)
oJ
It we put
B=1+3
then (4.3) is equivalent to
e L
(44) {Pl+5(t) =0 (t a—B-+1 )

so ®3(u) is integrable in the sense of CaAucHY-LEBESGUE. Thus by
(4.4), we get:

t
: Bt2r B
(4.5) j ps(u)du = o (t o P +l) =0 (t a—f+1 8)
0

And so
t

(46) ©* (0= | @s()du
t

1

0

—o (s i—%} [by (45)).

I, _f cI)au)sn

A

= [ o [0 (252) + 0 et oo

4
n'
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= 0(nd—a) + 0( s (“J“z“) 0 (%) +0 (% . n"‘(27~+3))

=o(1) as » — oo.

1 1
- 4

(4.7) L= [ Os(w)s(wydu = [ + f: V4w

0

(u)sf) (v)du

\ag\.—

V=
0

[@*(u)s“”(u) F‘ - [ O*wjsy (u)du
=k, —k

B2 t
ki=o ['u, a—P+1 0(n21+8+1)]n
[

=o(l) as w — oo.

ES

B2
(4.8) k, = o[ f ur—PB+1 . ,O(nz)k+s+z)du]

0

1
= o(nd+21+2) . (W_)

n;ﬁl +

=o{l) as ® — co.

4.9) w = f Ds(0)sS(u
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LN
1 n”

[(I)*(u)s‘s’(u)l j D¥u)sV(u wdas

=k, —F,
‘l‘2)L g n&—a 1 'y%"
K,=o [’M, a—B+1 { O (u——0+21+1) + 0 (n————-uzl_,_z_’_a) S L
n
s 1 s 1
= o\n°—= + o(nd—2
( ) [ nr %2%—“—2) 1%} ( ) n O—F—_E% —o—2)—1
=o0(1) as n — oo.
4
n” Bt
Brah nd—a+1
(4.10) ¥, — f 0 (u m—a+1> o du
i
n
B2 .1
= o (nd—o+1) . [,,,,, P CHE 27‘J'
n
1
= o{m>™e ) [ e _,,_.z;.'g]

n"lo—2+1

nd—o+1 }

Combining (4.1), (4.2), (4.3), (4.4), (4.5), (4.6), (4.7), (4.8), (4.9), and
{(4-10) the result is proved.
‘When & is an integer, say ¢=—m.

@11) i=| = (— 1)0_1(1)((“)( ) P (u)} +(— 1y jq)a(u )5 () dus
[,

= of1).
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When m ==

A A
(4.12) J D (w)s (wdu = D,(A)s\V(a) — / o ()s (w)du

0 0

= o(1) as before.

When =1 ie. 3=0
a
7= / Q)o(u)sff )(u)du
0

and

O] tq; (Dt = o(t Tl)

By the help of (4.1),...... (4.10), we have

(4.13) i=o(1)

I am much indebted to Prof. M. L. Misra for his kind inferest
in the preparation of this paper.
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