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On the (H, p) summability of Fourier Series.

Nota di B. N. SAENEY (a Sagar, India) (*)

Sammary. - Siddiqui, Hille and Tamarkin have applied harmonic sum-
mability method to Fourier Series. Here the author has defined a uew
process of summation, of Fourier Series, which generalises the harmonic
summability introduced for the first time by Riesz.

1. Let

o0
(1.1) ®(f) > 2 a, cos ni, ®(0) = 0.
n=1 .
be the FoURIER Series associated with an even function o(f)
which is integrable in the sense of LEBESGUZ over the iuterval
(0, 2n) and defined outside this range by periodicity with period 2=.
We write

t

(1.2) ot = [ i gw) | du.

0

DEerINITION. - If s,(f) be the n-th partial sum of the series
(1.1), then we say that the FoURiEr Series (1.1) is summable (H, p)
to the sum zero at the point £ =0, if

3 % sun(®)] T (log)i(l~+1)
(1.3) ou(p, ) == =

| (log)rn i

tends to zero as w ~— oo, where p is a positive integer.

This generalises the Harmonic Summability of FoURIER Series,
introduced by Riesz [l]. HiLLE and TAMARKIN [2] proved the
following theorem of which a simple proof was later given by
Sippiqur [3].

Terorem H-T. - If

(1.4) o) = o(t/log%’)

(*) Pervenuta alla Segreteria dell’ U. M. I. il 13 marzo 1961.
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then the Fourier Series (1.1) 4s summable by H rmonic means —
(H, 1) to the sum zero at the point t = 0.

We shall prove the following :

TeeoreM 1. - If
(1.5) D(t) = 0 (t / i %(log)q"" : %)
g=o0 ’
then the Fourier Series (1.1) is summable (H, p) to the sum zero at

the point t = 0.

Theorem I reduces to Theorem H-T when p = 1.

2. Transformation. - Since the n-th partial sum of the FoURIiER
Series (1.1) is given by

T
Sin »t

@2.1) s,,(t):;t1 f olt) ~—— dt.

0

Hence, o,(p, f), the (H, p) transform of (2.1). by (1.3), is

™

bH » 1 Sin (n — k)t
G =0 [T (log)ik + 1)
q=0

T
= f 9(t)H,.(p, t)dt, say.
0

where

. 1 i Sin (n — k)t
1098 150 A 1og 1
q o

(2.3) H,(p, t)

3. We shall require the f.ollowing lemmas.

) 1
Lemma 1. - If H,(p, t) is defined as in (2.3), then for 0 <C¢<<-

n’

‘we have

(3.1) H, (p, t)y= 0(%)‘.
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Proor. - Since
%  Sin(n — k¢

1
B2 Hp, )= iogm | 2, 3pﬁ1 (log)e(ks + 1)
q=0

1 » O(n —
( ) 2 (n — k)t , since Ogtg;@

=0 _
t (logm/ k= ? pﬂl (log)a(k + 1)
g=0 |

n) 1 % ' !
l (l_og)ﬁn { k=0 } p[—ll (log)q(lc <+ 1‘) %
q=

This proves the lemma, which generalises Lemma 3 due to
SHARMA [4].

LemMyMA 2. - For ;'/g t <3,
3.3 H, t—O(«—L——zl log)? +
( . ) n(p” )— t | (log)”'n | -+ ( Og) t
where 3 is some positive constant.

PrOOP. - We have from HARDY-RoGOSINSKY [B] and TircH-
MARSH [6]

n Sin (k -+ ntl
3.4 2T T = o),
3.4) 2 Tk D) (1)
and
% Cos (k+1)¢| 1
. 2| = 0(ee):
Therefore

1 n Sin (n — k)t

(3.6) H.(p, ) =7 » =1
t{(log)*n | =, 31'“ (log)e(k + 1){
gq=0

__Sin(m+ 1)t % Cos (k + 1)t
et logrn s, VI (logyth + 1)

=0
Cos (n + 1)t 2, Sin (b + 1)t

wt ! (log)* 7 | k=0 % pﬁl (log)¥(k + 1) {
g=0
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1
(log)? =
—o (Lt_f) ot )
t ) (log)n |/ t | (log)™n |

=0 (ﬂ‘(%g);n_ixl ~+ (1og)"%) .

This proves the lemma.

LemMMa 8. - If 0<¥3<<i<m

1
3.7) Hip, =0 (W)

Proor. - Since

1 n Sin (n — k)t
wE L 10g)™ k=0 | FIT (1ogja(h + 1)%
q=0

3.8) H,(p, )=

By applying ABEL’s transformation [ZvemMunp [7]] we get

1 n k 1
(39) Hyp, ) = ———— 3 | 3 Sin(n —n)t{ya—
7t (log) i ko | r=0 % PIIlj(log)q(k—o-i)}
q=0

1 n 1

=_—— % — — =

AT Tog) | o, } Cos ¢/2 — Cos ('n, E+ 2) t s
Sin ¢/2

1
A —1
0 o)k +.1) E €
q=0

= g} 2, 0] () - ]

=°(ru—o§>7m)'

This completes the proof of the lemma.
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4. Proof of Theorem I. - By (2.2), we have

(&.1) v, = [oOH.(p, tat
0
i/n § T
=([+ [+ [)etrmiv, ar
4] 1/n 8
=TI, + I, + I, say.
Now
plln
(4.2) T, = [ «()H.(p, tiat
0
ifn
:fl ¢{t) | - O(n)dt, by Lemma 1.
[
= om0t "
t 1/n
= Om) O(‘—"T—IO] , by (L5)
+1
I_ql;Io(log)’l 7 J .
4 1
=0+0|—FT""—
<‘ PHI (loo_)q—i—l,n z)
lg= =
=o(1), as » — oco.
Also
3
(4.3) I, =] 9(t)H  (p, tidt
in

= 0(1)'/§| o(t)|- O (W)(l -+ (log)* %) , by Lemma 2

iln

=I,,+1,,,, say.
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Considering I,,,, we have

| o(®)

I
(logi*n. dt
1/n

@4 I,,= o(

=0 (méw) H%ﬂ]j’”tm

1 1 8
ol )
g=0 1

at{, by (L5
+1/]n (t’l’l(logq“li) { y (1.5)

n

=0 (c (lo;)”% i) o (x (10;”” ’) (?Pli (1°1g)q+ln €>

q=0

=o(1), as » — oco.
Next

1y

3
@3 L= O(l (102)'% 12],( | 3 |3(l°g)p

= {agmi)l 7 0w 1,

-

s (log)”i 1 1
+ / (f) e x di
iin VI (log)e 7

q==0
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=0(gogrr) * 0 [
(log)Pn (3 ’ (log)**1n i)
L g=0

1)
O( 1 )fs 3(log) ‘dt
1 p_1 1
B ) togyeni |

1/n
3

(l (log)™n ‘)[t; og)t+ (?1)‘

i/n

] dt
L jooar ()1

» by (1.5)

— o)+ 0 (e
| (log)Pm | () "I (log)*'n %)
q=0

8
1 1 dt
(g i}/,. 44 (og)r (B)!
|

iin t ﬂ (log)r+ )i

ol ) ot
| (log)Pn | (} qI:IO (log)+in ()

1 :
“+ 0 (’ Tog”m *) [0(1) + (log)*x]

+o g (loowr=2)

=o0(1), as # — oo.

Thus from (4.3), (4.4) and (4.5). We have

(4.6) I,=o(1), as n — co.
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Finally

™

(47) 1= [ot1H,(p, )at
1y

T

=1 stt |-0%m{.dt by Lemma 3
)

=01 (ogn1)
=o(l), as % — oco.
By collecting (4.1), (4.2), (4.6) and (4.7), we get
4.8 ou(p, t) =o(1) as n — oo.

This completes the proof of Theorem T.
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