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Some generating functions for the Jacobi polynomials.

Nota di LeoNarRD CaruIirz (a Durbham, U. 8. A.) (%)

sammary. - Several generating functions closely related to the classical
generating function for

©
> P;"" B)(av) n
n=o

are oblained; see in particular (7), (8), (9) below. Making use of these
formulas a number of relations involving the Jacobi polynomials are
derived.

1. Put

1) i.a’g)(x):(u:;n)F<——n, n+o+B+1; a+1;%(1-—x)).

The generating function
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) ] _Pna’ B)(x)t" = 21+BP—1(1 —_t P)—a(‘]_ —t 4+ p)‘B’

.}
p=(1—2t+ ) *,
is fa,miliﬂa,r; for proofs of (1) see [3, p. 68] and [2, p. 127, problem
219].
In this note we shall obtain several additional generating func-

tions closely related to (2). It is easily verified that
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(*) Pervenuta alla Segreteria dell’ U. M. I. il 14 febbraio 1961.
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We may put
— e _ L (L=t e\
B) (L —t+o)~Hl+t+p)—B=(1 - +p) M1+t +p) 1'(1+t+p) ’
where
1 1
(®) A=g+By p=g—p

Using (3), (4), (6) we find that
d
a+ i {1 — &+ p)y—2(1 + £ + p)—B|
= 20BN + pf)p—(1 — ¢ + p)—*(1 + ¢ + p)—P

Q0
= Bk + pf) B PPyt

[ee]
= X iPif" g)(x)+‘lLP,(:_’.E)(x”tl+n—1’

Nn=0

so that
(7 20+B(1 — ¢ + p)—*(1 + ¢t + p)—B

% (2, ) (2, B) ¢

provided % is not equal to 0 or a negative integer. When A3=0
we have

®) (1——t+p

- X pa—a) "
1+t+p) __1+°(n§1P"—1 (x)”.

Another special case of interest is

3 _ _ £ « (a, &)
© 2%l —t+p) Al +t+py 2= X — — Py ()",

n=o ¢+ 7N

provided « is mot a negative integer.
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We note also that (7) yields

[e2]

(10) 2l —t+p)—4= X

ooc+2n

| P Oa) + P () | #n,

(11) %+t +pPF= 3 B | PO Py — P D)y #n.

neo B+ 20

In view of

PP (— @) = (— 1PV (w),

(10) and (11) are equivalent.
By means of (1) we can verify that

- , o+ 2n ) —
P @) + P) = P ),
so that (10) and (11) become
o]
(12) 2l —t+pr= 3 N — P V)t
and
o0
1 +¢+p)B= ——— Py, " F(x)t,
13 28 e= 3 P penBy
n=o P +
respectively.

2. It is not difficult to give a direct proof (that

is,

without

assuming (2)) of such formulas as (8), (9) or (12). For example, to

prove (9), we take

(L—t4p)(L +# + p)=2(1—at+p)=2(1—act) 3 1 +( i

Since [1, vol. 1, p. 101]

a1 + (1 . t)% |—a — 3}0 ‘ (“)zr g—trge
= i + 1), ’

1)t2
(I—at)*

=
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we have

—- Yy £ (‘x)zr x? —1\r £
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=3 et (e S e
. etne g
= :Eoo (@t = 2%?@ fi),kn ! 21"
Since [1, vol. 2. p. 175]
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1 @l w1 e

@D, @rd), it OTean, @

(9) follows at once.
To prove (8) we take
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[ee)
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n—1 1 ('n—f—s—l)!(a:——l)’
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r=0 1'!(3"'2),
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=t+e ¥ R "y LR ( 2 )
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3. Making use o( the formulas of { 1 numerous relations invol-
ving the JAcOBI polynomial are easily obtained. For brevity we
put

P ) + PR )

19 (P =1, fPa)= o

(n=1),

where A, i are defined by (6). Then it follows immediately from
(7) that

(15) et = 3 P e,
Also using (2) and (7) we get

(16) Pt = 3 PPt Ye)

r=0

Similarly it follows from (5), (7), (8), (9), that

X
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As special cases of (15) we may mention

a4+ B atBatp) ., «f (0, @), By P)
W et EE I e n T @B,
(19) i'f—';—ﬂ Plth “"“‘3’(95)_—_% (%) )
—1
+“E “p

P(a,—a)( 2) (8. s)( )+i (B p)( 2.

n—r—1\T n—1i

r=1 1‘(% - 'I')
We have also

R ) (Ba) «+f (4B, a+B)
(20) ,Eof' (@)fnlr () = ————~a+ﬁ+%1’ (),

(21) f.‘a fﬁ‘“""’(m)fi“_‘?‘“’(m):# 28BN = 1).

Also we note that

(@B s f—a—pf)  __§ 1 (m=0)

(22) ,E}o fr " @fn—r (@)= 0 (n<1),
» o? (ay @) (—a—a) 1 (n=0)
@ B a0 e=] G20,

A like formula involving P(;’_“)(x) is implied by (8).
Additional formulas can be obtained by using (12). For example
we have from (7), (12), and (13).

ey Pe= 3 o P TP )
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