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Sonie generating fanctions for the Jacobi polynomials.

Nota di LÉONARD CABtiiTZ (a Durham, U. S. A.) (*)

Summary, - Several generating fonctions closely related to the cïassical
generating function for

are obtained; see in particular (7), (8), (9) below. Making use of these
formulas a number of relations involving the Jacobi polynomials are
derived.

U Put

(1) P%>%)

The generating function

(2) f PLa' S\x)t» = 2»+Pp-i(l - t + p)-«(l - t •+- p)-P,

P = (l — 2xt + t*) *,

is familiar ; for proofs of (1) see [3, p. 68] and [2, p. 127, problem
219].

In this note we shall obtain several addition al generating f une-
tions closely related to (2). I t is easily verified that

(3) ^^(ï-t-t-py-Hi + t+?)->•]

~ p u -*• t + p/ '

(*) Pervenuta alla Segreteria dell'U. M. I. il 14 febbraio 1961.



0 0 f O\ f Q\

so that

oo (a 8) f f '
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We may put

(5) (l-« + p)-«(l+f+p)-P=(l-J + p)-X(H-(+p)-x

where

(6) X=g(a + P), [* = g ( a - P ) .

TJsing (3), (4), (5) we find that

A - f -f- p)-P |

A -f- » '

provided X is not eqnal to 0 or a négative integer. When
we have

Another special case of interest is

provided a is not a négative integer.
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"We note also that (7) yields

(10) 2«(1 - i -+- p)-« = J ^ ^ | Pi?

(11) 2P(l + < + p)-P= S

In Tiew of

(10) and (11) are equivalent.
By means of (1) we can verify that

so that (10) and (11) become

(12) 2 « ( l - * + P ) -a= f
n—o

and

(13) 2P(l-4-« + p)-P= S

respectively.

2. It is not difficult to give a direct proof (that is, without
assuming (2)) of such formulas as (8), (9) or (12). Eor example, to
prove (9), we take

Since [1, vol. 1, p. 101]

i oo M

r=0 ' * l '
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we have

oo (a) /CC2 — l \ r tir

f(a H- l ) r \ 4 / s = 0 (a

Since [1, vol. 2. p. 175]

„ 22^r ! (a + l)r(w - 2r) ! ~ (2a

(9) follows at once.
To prove (8) we take

2t y v

r,s=o (r + s)!s'.V 2 ; j=0

oo n 1 / / » • _ _ 1 \ s n—s ( n\ (<v\

= s t» s ±.i±iLi) 2 (-ir;—l . y 1 ' - ^ .,
„=o s=o s '• \ 2 / r = 0

 v ' ( r + 8 ) l ( i » - r - i ) !
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° ° (oc •
oc 2 f1—

3» Making use o( the formulas of \ 1 numerous relations invol-
ring the JAOOBI polynomial are easily obtained. For brevity we
put

where X, \K are defined by (6). Then it follows immediately from
(7) that

(15) f«p+*+*>(œ)^ S t^
r—o

Also using (2) and (7) we get

(16) P^^+S\x)= £ fr
a<

Similarly it follows from (5), (7), (8), (9), that

(17)

X' X)(
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As special cases of (15) we may mention

(19)

w

We have also

2i f r («)/n-r (05) = ^ ̂  p ^ ^ ? n (X),

2 riaiP

Also we note tliat

n

s
r=o

2i fr (ac)/«-r (*) =

A like formula involving P^~a){x) is implied by (8).
Additional formulas can be obtained by using (12). For example

we have from (7), (12), and (13).
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