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A note on the Borel summability of Fourier series
Nota di B. N. SAHNEY (a Sagar, India) (*)

Snmmary. - Sinvhal has considered the Borel Summability of the Conju-
gate Series of the Derived Series, assuming two conditions on the func-
tion i. e. firstly - bounded variation and secondly-continnity one. The
author in this note has determined the Borel Summability of the Fou-
rier Series assuming only continuity condition.

1. Let f{f) be a function integrable in the sense of LLEBESGUE
over the interval (0, 2r) and periodic with period 2r outside this
interval. Let the series

[e.¢]
(1.1) %ao -+ "§1 (@, cos nx + b, Sin nx)

be the Fourier Series associated with function f(f), we further
write

(1.2) ) =% i fle + ) + flo — ) — 2s|.

DO =

BoreL Summability of FouRIER Series Was considered by SToNE
[1). SinvHAL [2] considered the BorEL Summability of the conju-
gate Series of the Derived Series of (1.1). Kxopp [3] has defined
the generalised BorEL Summability. The object here is to prove
the following theorem.

THEOREM. If

(1.3) ftl o(u)| du =0 (t/ log tl)

(*) Pervenuta alla Segreteria dell’U. M. I il 7 febbraio 1961.
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then the Fourier Series (1.1) is summable by Borel means (also
called summable-B) to the sum zero at the point t =x.

2, We shall prove the Theorem as follows:

Proog. ~ Since, the, »** partial sum of the series (1.1)is given
by, see GERGEN [4],

@.1) sty =1 J o(t) Si’; " at.

0

Now following HarDY [5], the BoreL transform of s, () is
given by

.

=12 gy

A= 5B )
0

1 f:b(t) Sin (p Sin

= T'exp;p(l—cost);dt
" 1/p yp* w o) Sin(p Sin {)
_1 @(?) in(p Sin 1
___n(j +j +J ) ; explp(l—cost)!dt’ » here 0 <« <é‘
0 1p 1/p*
(2.2) =1+ 1,+ 1, say.
Now
_u[ ¢(t) Sin (p Sin ?) it
') Tt “exp;p(l—cost)}’

0(1) j ’ W oiptyat

—(0(p) / () | dt

= 0(p) [0 (t/ log %)}:’p by (13).
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.—.0+0( L )
logp

2.3) =0(1), as p— oco.

Next, we have

1/p*
®(t) Sin(p Sin )

I_i
Q”Ef "t expip(l — cosf)l

- di

1[“
= 1 f 2 - Sin (p Sin ¢)dt, for0<oc<oc<—,

7 eXp %p-2Sin"’g€ ip t

by second Mean value Theorem.

— o1 )[cp(t)]l/p“ o f do;(t

1/p
1/p

= 0(1/ log p) + 0(log «')

(2.4) =0(1), as p— oo.
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Lastly, we have

ru
17 % Sin (p Sin {)
Ia—ﬁ.j t .exp;p(l—costﬂdt
1/p%
)
b* ; i 1 )
— 3 [qv(t) Sin (p Sin#)di, » hel'e—l",; <8<,
ﬂekap-ZSingl'o—i 1/p® P

by second mean value Theorem.

)
= 0 [ (p9) [ oxp 1p*=+11 [ 0t at
1p*
_ _
= 0(1) lexp e i] - 0(1),
by the continuity part of the integral / | o(t) | dt.

1
(2.5) =0(1), as p—oco, since 0 <Ca< 5

Thus, on collection (2.2), (2.3), (2.4) and (2.5), we find that
(2.6) a,{t)=0(1), as p— oco.

This completes the proof.
I am indebted to Professor M. L. MisrA for his guidance du-
ring the preparation of this note.
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