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À note on tke Borel summability of Fourier series

Nota di B. N. SAIOSTEY (a Sagar, India) (*)

Sninniary. - Sinvhal has considérée the Borel Summability of the Conju*
gâte Series of the Derived Series, assuming two conditions on the f une-
tion i. e. firstly - bounded variation and secondly-continnity one. The
author in this note has determined the Borel Summability of the Fou-
rier Series assuming only continuiiy condition.

1. Let f(t) be a function integrable in the sense of LEBESGTTE

over the interval (0, 27r) and periodie with period 2TT outside this
interval. Let the series

(1.1) -a0 •+- S (an cos nx -H bn Sin nx)
n=i

be the FOTJRIER Series associated "with function ƒ*(/), we further
write

(1-2) *(*) = g IA^ +- *) •+- f[& — t) — 2s (.

BOREL Summability of FOURIER Series was considered by STONE

[1]. SINVHAL [2] considered the BOREL Summability of the conju-
gate Series of the Derived Series of (1.1). KKOPP [3] has defined
the generalised BOREL Summability. The object here is to prove
the following theorem.

THEOREM. If

(1.3)

(*) Pervenuta alla Segreteria dell'TL M. I il 7 febbraio 1961.
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then the Fourier Series (1.1) is summable by Borel means (also
called sumrnable-B) to the sum zero at the point t = x.

2. We shall prove the Theorem as follows :

PROOJF. - Since, the, nth partial sum of the series (1.1) is giren
by, see GEBGEÏT [4],

i / Sin nt ,,
(2.1) sn(t) — - <&(t) —-7— dt.

ie I t

Now following HARDY [5], the BOREL transform of sn(t) is
given by

oo n

o ~~

TT

-dt
nj t exp \p{\ — cost)

l\p yp^ 7T

_ 1 / 1 i i \ <$(t) Sinjp Sin i)
" ^ W J J ) t exp|p(l —cos t)\ '

(2.2) = I 1 -+- I 1 H-J g l say.

Now

o Sin t)

o
i/p

exp \p{l — cos t) \

= 0(1)/ ^j^O(pt)dt

o

:^{ 0{p) f | ̂ (t) | dt

~m i 'P , by(1.3).
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(2.3) = 0(1), as p~- oo.

Next, we have

t exp } p(l — cos t) \

exp
, for «

by second Mean value Theorem.

= 0(1) of- 1 W/P*' o by(1.3)

i / p

= 0(l/log^)-f-0(logoc')

(2.4) =0(1), asp-*co.
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Lastly, we haye

f Sin (p Sin t) ^
at

bv second mean value Tîieorem.

= O(l)[(p«)/expjy-2«!]J
I/P'

0(1),

dt

exp tp l~2

hj the continuity part of the intégrai j \ <P(t) \ dt.

(2.5) = 0(1), as p—~ co j since 0 < a < <= .

Thus, on collection (2.2), (2.3), (2.4) and (2.5), we find that

(2.6) ff|#) = 0(1), a s p ^ c x ) ,

This complètes the proof.
I am indebted to Professor M. L. MISRA for his guidance du-

ring the préparation of this note.
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