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Note on bilinear generating functions
for the Laguerre polynomials.

Nota di LEoNarRD CArRrLITz (Durham, U. S. A.) (¥

Summary. - Polynomial identities, equivalent to certain bilinear generating
functions for the Laguerre polynomials, are obiained.

1. It is not difficult to verify that the formula
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(compare BaiLeY [1, p. 219]. The writer [4] showed that the follo-
wing formula of BATEMAN [2, p. 4b7], [3, p. 144]
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is the LAGUERRE polynomial of degree =, is equivalent to the

(*) Pervenuta alla Segreteria dell’U. M. I. il 20 gennaio 1961,
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polynomial identity
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Moreover () was generalized to
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where A is arbitrary.
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and
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(Note that the factor (xy)~* in (7) was omitted in (3.4) of [4]).

2. The formula [3, p. 151]
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holds for all «x, y, ¢ provided «, § are non-negative integers; the
writer [5] has recently given a simple proof of (8). It may be of

interest to obtain a polynomial identity equivalent fo (8).
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Using (4) we have
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Thus (8) is equivalent to
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If we replace « by « +n and § by 8 + n, (9) becomes
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‘We shall no givwe a direct proof of (10) valid for arbitrary
«, 8. By (4) the left hand side of (10) is equal fo

n o wl o faem) (—a) = T (B ) (— g
R Ay ,-io( j )(r—jnk;o( k )(r—k)!

5 +k (O( + 1)"(§+)” N g o
P E T PRas W (S P A
n r! 1
P S ryyey N ey Y iy 7y
S (@ + 1), + 1),
o =) T —B)!(x + 1,6 + 1),
% . r! 1
Eo(—l) m @ —n+Hlr—m+k)’

where in the inner sum
r =max (n — j, » — k).
If j =k the inner sum is equal to
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provided j+ k<<n; if § + k> n the sum vanishes. If j <<k it is
evident that the same sum is obtained. Hence the left side of (10)
reduces to
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so that we have proved (10).
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@ Blx) of degree m

3. We recall that the JacoBI polynomial
is defined by

PPy = 3 5

r=0
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Thus the double sum is (11) is equal to
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Hence (10) can be written as
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provided x54=y. When x =y we get
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4, It is evident that the transformations (10), (12), (13) are
applicable to the expression A defined by (7). In particular, using
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(10), (6) becomes
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Where

W = x? + y? — 2uyez.

Now the right side of (15) is equal to
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Thus (15) becomes

Jr@wt) _ o) 3 0+ 0P en 1n(2act)+n(2yt),

(16) (). 2

the addition theorem for Ji(f) [6, p. 363]. Since these steps are
reversible we have evidently proved that (6) is equivalent to (16).
In particular BarEMaN’s formula (3) is equivalent to the addition
theorem for Jy(}).

b. It may be of interest to note that if in the familiar genera-
ting functions

3 LP@)tr =1 — o1 exp (* rx‘t*t> :
n=0o -

2 Lp T(@u" =1 + u)e—>v
n=0

we take u =1/(1 — ), we obtain the following pair of formulas:

(1) f = 3 - () 1%,
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