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Note on bilinear generating fuactions
for the Laguerre polynomials.

Nota di LÉONARD CARLITZ (Durham, IL S. A.) (*)

Summary. - Polynomial identities, equivalent to certain bilinear generating
functions for the Laguerre polynomials, are obtained.

1. It is not difficult to verify that the formula

X

is equivalent to

(2) Ln (x)Ln (y) = —^- ^ (xy)

(compare BAILEY [1, p. 219]. The writer [4] showed that the follo-
wing formula of BATEMAN [2, p. 457], [3, p. 144]

(3 ) S ^ { k \ { k %

= exp (xye^LJx* -+- y2 — 2xy cos *),
where

is the LAGTJERBE polynomial of degree n, is equivalent to the

(*) Pervenuta alla Segreteria dell'TL M. I. il 20 gennaio 1961.
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polynomial identity

(5) (xy)nLn(x
z -+- y1 — 2xy cos 4>)

= n ! * S {xy)k
 T-J 2 cos (n — <

where

Moreover (5) was generalized to

(6) Mn+i-kn (icz

= S

where X is arbi trary.

3 = 0

and

(Note that the factor {xy)~ls in (7) was omitted in (3.4) of [4]).

2. The formula [3, p. 151]

holds for ail rc, t/, t provided a, p are non-negative integers ; the
writer [5] has recently given a simple proof of (8). It may be of
interest to obtain a polynomial identity equivalent to (8).
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TTsing (4) we have

(1 - xlf -f

min (a, f

=
 m i l a ' ? )

 r . (*) (V) tr
 P s r (- IV ft ~ r) (xtV

r—o \ ' / \ ' / j=o \ J l

. T(-i)*(a~r)(i/*)*

oo

; — J)\n — k)3

Thus (8| is equivalent to

(9) J ( - 1)«-' ( i r^ { \

n-jl\n-k)j

If we replace a by a -+- n and R by fl -H %, (9) becomes

(10) â̂ ( _ l r - .^L. ,^) .
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¥ e shall no girwe a direct proof of (10) yalid for arbitrary
oc, B. By (4) the left hand side of (10) is equal to

s (a •*- ̂  <-*> ' " ' v (P +

„ fc=o

r !
-r)\(r-j)\(r~k)\

r !
l } (nn r)\ {r — n -^ j)\ (r ~ n ~\- k)\

where in the inner sum

T > max (n — j , n — k).

If j' ;> k the inner sum is equal to

k (r + n-11;)!

(i ~ »)* „ [»-j)Hn-k)\
—k-*-!)„ —j\kl(n—j-h)\'

provided j -+- k <; n ; if _;' -+- & >> OT tlie sum vanishes. If j <Z, k it is
evident that the same sum is obtained. Hence the left side of (10)
reduces to

(H)
j ! fc ! (n — j —

so that we have proved (10).
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3, We recall that the JACOBI polynomial P(n'^\x) of degree n
is defined by

Thus the double sum is (11) is equal to

S (_!)>• (« + 1).(P t- 1). s (g H- l)r(p + l)r

Hence (10) can be written as

(12) J (- i)«- ( ¥ ^ r j

- f
r f 0

 ( l) (n - r) ! (« + l)r(p + 1),.

provided a;4=2/. When x = y we get

2(13) 2 ( - i r - r~r-±-
r—0

(a + 1).(P -4- l),(a + p + r + 1).

4. It is evident that the transformations (10), (12), (13) are

applicable to the expression An defined by (7). In particular, using
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(10), (6) becomes

(14) (tyn+iLn (ic*H-y?—2xyz)= 2 (xy)n~%
r—o

it follows that (14) is equivalent to

(15) XT(k-hl){wt)-^et2Jx{2wt)= f t2n S

y i—

j 11 ! (r - j - *) ! (X

Now the right side of (15) is equal to

r=o n=o

x2jy tk

i ! * ! (*•—i—*

= r»(X + 1 ) ( ^ ^ ) ~ ^ 2 (X

> j ! k ! (r - j — k) ! (X -4- n - r -+- 1),.(X +n-r

Since

s
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Thus (15) becomes

the addition theorem for J\(t) [6, p, 363]. Since these steps are
réversible we have evidently proved that (6) is equivalent to (16).
In particular BATEMAIST' S formula (3) is equivalent to the addition
theorem for J"0(X).

5. It may be of interest to note that if in the familiar genera-
ting functions

2 liï\x)t" = (1 - t)~*-i exp (~- —^ ,

S L{n~n\x)un = (1 -h u)ne~~™

we take w = tj(i — t), we obtain the following pair of formulas :

(17) L{rn\x)= S (-1)—
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