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Ou absolute logarithmic summability of double Fourier series*

Nota di P. L. SHARMA (India) (*)

Snmmary. 'The author de fines absolute logarithmic summability for double
series and studies a problem relating absolute summability factors for
double FOURIER serie.

1. DEF. A. - The double series 2am,w is said to be absolutely
summable (B, \ [x ; 1, 1) or summable ! B, \ [/. ; 1, 1 | when the
intégral
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»> y)ƒƒ dxdy
dxdy

O (x, y) = ocrly-x S S aw, n(x —

where

as (x, y) — {-»- oo, -i- oo).
This is known [3],

DBF. B. - Let J X(w) î and j [x(ü) ) be continuons, differentiable
and monotonie increasing in (A, oo) and (JB, oo) respectively,
where A and B are some positive numbers, and let X(OJ) and
tend towards infinity with w and Ü.

Suppose

c(w, û ) = — X(n) ! S
w-Cco ?w,

then the series Sam)W is said to be summable \R,
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(*) Pervenuta alla Segreteria dell'TJ. M. I. il 15 gennaio 1961.
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The consistency theorenis for genera! absolute EIESZ summability
of double series are known [3],

2. Let f(x3 y) be an even function integrable in the LEBBSGUE

sensé over the square Q( — TT, — -K ; TZ, -K) is doubly periodic with
period 27u in each variable. The double FOURIER series associated
with the function f(x9 y) at the origin is

(21) S am>n,
m, n—o

where

4 r r
, n = — M f(^) u) COS mu cos

We write

(2.2) 0>(^, v) = ^ j f(x -+- w, j / H- IÎ) -h /"(as — u, y H- «) -h f(a;+ u,y~v)

-H /"(x — u) 2/ — ̂ ) — 4s i

$ a , p(«, v) = f ^ f ^ ) ƒ /" W - *)a-l(« - 9)3— Q̂(f, 6)dM0 (x, p > 0)

$o, o(», v) = ®(u, v) ; <$a, Q(u, 0) = j ^ ~ J (u — ^i*-10(«, v)dt,

(2.3) $ a , P(W, V) = M-«tJ-Pr(a H- 1)F(P -h l)0>a,p(tt, «), (OC, p > 0

®O,O(M9 'y) = $ (« , «), $ a , o K v) = «*-«çDai0(w, v) r (oc -H i),

(2 4) f(w, t)= S

2.5) Ï](W, f ) = S

(2.6) o, «) = r ( i _ K, ƒ (t - **)-«?(w, «)df,

(2.7) G(w, w) = r ( 1 _ a) J «« ^ sr(a>, v)cto, 0 < u
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The object of this paper is to prove the following theorem:

THEOREM. - If [see HARDY ; 1]

dudv ' du ' <to

is /mite awd o/1 a constant sign in the rectangle (0, 0 ; ir, 7t)
f̂te double series

2
2 2 log m log n

is summable [B, e<losw

- 1 A S - 1 -- + a , ö _ i + p .

•3. We need the following inequalities for the proof of our
theorem.

(3.1) Ç(«, * ) = 0 |

(3.2) g(t», v)=0\

(3.3) G(w, t)) = 0

= 0 i

00

(3.4) J = / Sto-i (log (o)s-1 e-(l0^ ")$ | G((ö, tï) i da* < oo .
2

The inequalities (3.1), (3.2), (3.3) and (3.4) are known [2].

PROOF OF THEOREM. - To proye the theorem it is enough to
show that when

00 00
f f

= i / TQ—i(log Q)T—Xe-C logû) 8w—i(logw)5—ie—

2 2
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where

p(Q, ») 2 S

P. L. SHARMA

r-»o«».« ( T , S > 0 ) .

We hare

0 0

Applying intégration by parts for double intégral [4], Ave have

T, v) — g(o>, v)dv

71

M) ^

Using the inequalities (S.t), (3.2) and (3.3), we have,

= 0

0

» (log Q)-i i+P (log o>)-i

01 edog ̂ )§
 0 >-i f p (log (o)"1 f \G(Ù,u)\du

(3.5) 0
dudv

o o

, u \ | G(co, i?) ; dudv
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By the hypothesis of the theorem, we have,

(3.6)

7T

(8.7, ƒ

i l
0 0

du
du

dUdV

<oo, ƒ
0

dtidv < co,

a®<,pK v)
îv

dv <oo.

Collecting (3.4), (3.5), (3.6) and (3.7), we get

| 7 | < o o .

Hence the Theorem is proved.
I am indebted to Professor M. L. MISRA for his kind interest

and guidance in the préparation of this paper.
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