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On absolute logarithmic summability of double Fourier series.

Nota di P. L. SEARMA (India) (¥)

Summary. - The author defines absolute logarithmic summability for double
series and studies a problem relating absolute summability factors for
double FOURIER serie.

1. DEF. A. - The double series X am,» is said to be absolutely
summable (B, A, n; 1, 1) or summable | R, A, p.; 1, 1 | when the

integral

Dz, y)y=a"y~' 3 2 am, n(® — ) (Y — pn)
lm<w P‘n<y

62(1) PP, y

5x5y l dxdy < oo,

where

as (x, y) — (+ oo, + oo).
This is known [3].

Der. B. - Let | A(w)}t and | 1(Q){ be continuous, differentiable
and monotonic increasing in (4, oo) and (B, oo) respectively,
where A and B are some positive numbers, and let Mw) and w(Q)
tend towards infinity with w and Q.

Suppose

cw, Q)= Z (Mo)—Mn){ I 1uw(Q)— pm)]| am,n,

n<w m<Q)

then the series X am,» is said to be summable | R, Mn), w(m); 1,, 11 if
T 0 Q)
c(w,
_/ / i d% Mo
4 B

f /’ N w)p.(Q | 2 3 Mo)um)am,« | dwdQ < co,

')((’J U.(Q '2 n<<w m<0

ie., if

| S A)o,n | do < oo, fw |2 pomiam,o| dQ < oo,

(*) Pervenuta alla Segreteria dell’U. M. I. il 15 gennaio 1961.
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The consistency theorems for general absolute Riesz summability
of double series are known [3].

2. Let f(x, y) be an even function integrable in the LLEBESGUE
sense over the square Q( — =, —=; =, =) is doubly periodic with
period 2x in each variable. The double F'OURIER series associated
with the function f(x, y) at the origin is

(21) Y Gm,n,
”, n=10
where

4 Id
U, = _‘—T—,j [f(u, V) cos mu cos N dvdu .
Q
We write

2.2) D(u, v):ilf(x +u, Y + V) + fld —u, y + )+ fle+ u, y — v)
+ flx —u) y —v) —4s |

1 w v
@t ) = g | [ 06 — o — 0100 Wt (s 8 > 0)

1 n
Do, ofw, v) = D(u, v); Py, o(u, 0) = o) / (w — tyo—2 (¢, v)dt,
]

(2.3) @5, olth, v) = w0 —T(e + 0B + 1)@y plut, v), (z, p> 0

Do, o(t, v) = P(u, v), Dy, olut, v) =u—2D, (1, v) T (x + 1),

(24) Ho, )= I elosm¥log n)—' cos nt,
N
2.5) 2w, = 2 elozmd(log n)~1n—" sin nt,
7=
1 m
(2.6) 9, ¥ =575 f ¢ — wy—ak(o, hdt, 0<u<n,
unw

23
(2.7) Glw, u) = I‘(—ll——-a)f”a % g, v)dv, O<<u<<m.
o]
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The object of this paper is to prove the following theorem:
TueoREM. - If [see HArRDY; 1]

a?(pa’ B(u3 ,U) a(Day 0(“’ ,v) @’L?&’_v)
UV ’ u ’ v

is finite and of a constant sign in the rectangle (0, 0; =, =) then
the double series

2 2 logmlogmn
is summable | R, elosm) gllozm)¥: 1 1| where 0 <o <1, 0 <f <1
1
and T:l—f--—, 5.‘:1—4—l
x B

‘3. We need the following inequalities for the proof of our
theorem.

3.1) E(w, ) = 0 | ettog ) u(log w)—? |

= 0} elog w)¥ t—1(log w)—1 |

3.2) glv, v) = 0| etlogw)® »B(log v)—? |

= 0} ellog w)d w—l+ﬁv—1(log w)—1 |

(3.3) Glw, v) = 0 | e(log v)° wB pB (log v)—? |

= 0 | ellog v)® (y—14+By—1+B log w)—1
©
(3.4) J= /Sm—l (log w)d—1¢—(log w)® | G(v, v)|dw <oo.
2

The inequalities (3.1), (3.2), (8.3) and (3.4) are known [2].

Proor or THEOREM. - To prove the theorem it is emough to
show that when

1
t=1+ —, S=1+ B
oc
I= f jTQ_l (log Q)r—1e—(log 0" 30—1(log w)d—1g—(log ©)®
2 2

|P(Q, ©) | dQdo < oo,
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where

p(Q, ) T I eogmT(log m)—1elloe mO(log m)—ramn  (r, 3> 0).

n<w m=0

‘We have
T T
(@, )= [ 1(Q, W) % (o, v)dud
Z:'"P( , W)= (%, 'U)d 7( u’) du 7w, v)dudv
0 0
Applying integration by parts for double integral [4], we have
1
4 KEP(Q’ w): ! (I)a,g(’n, n)g(Q: n)g(w: W)

‘ d
— 912, ) [ @agls, ) 75 glo, v)do
0

d
— g0, ) [ @uyple, %) o (@, wdu

T T
~ .

d d
+} /(Da, glu, v) an 9(Q, u) a0 g(w, v)dudv .

o o

Using the inequalities (3.1), (3.2) and (3.3), we have,

2
%p(Q, w) =0 t ellog ) Q—1+a (log Q)—1 ellos 0¥ p—1+8 (log w)— %

T

0% e(logM)T ) — 1—,—rx(10g Q /la(pa B(T:! ’l))
)

| P | G(w, v)|du E

+ 0 % e(log 0)® (,—1+8 (log w [ |2 (I)a’

as ol [f

'|G(Q u)]du%

9" ®q, g (©, v)
ouov

Q, u||Glw, 'v):dudv( .
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By the hypothesis of the theorem, we have,

(3.6) f ’ ? (D“’ o) : dudv < oo,

3.7) j \ad)a,, u, ) .ﬂw

tv

du < oo, dv < oo.

Collecting (3.4), (3.5), (3.6) and (3.7), we get

[T <co.

Hence the Theorem is proved.
I am indebted to Professor M. L. Misra for his kind interest
and guidance in the preparation of this paper.

REFERENCES

(1] Harpy, G. H., On double Fourier series, and specially those which
represent the double Zeta function with real and incommensurable
parameters, « Quart. Journ. Maths. » vol. 87, (1906), 53-79.

[2] MomaNTY, R. N. and Misra, B., Or absolute logarithmic summability
of a sequence related fo Fourier series, « Tohaku Math. Jour. », vol 6,
(1954), 5-12.

[3] OBrECHKOFF, N., Sur la sommation des series multiples de Dirichlet,
et des series semblables, « Ann, Univ. Sofia. Fac, Sci. Fivre 1, Math.
Phys », vol. 36, (1940), 1-145.

[4] SuarMA, P. L. - On harmonic summability of double Fourier series
« Proe. Amer. Math. Soc.», vol. 9, (1958), 979-986.



