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On the Bernoulli Polynomial.

Nota di D. P. BANERIEE (ad Andhra Pradesh, India) (¥)

Sammary. - The integral and other properties, of the Bernoullian polyno-
mial of order n defined by RaaBE [4), have bren considered.

In a recent paper [1] MorDELL remarked that there seem to
be no simple formulae for the integral of the product of three or
more BERNOULLI polynomials.

L. Carrirz [2] considered the integral of the product of any
number of BERNOULLI polynomials defined by

tem % A
- = 2 Bm|x) .
¢ —1 L w

Here I shall consider the BERNOULLI polynomials defined by

tlewt —1) & i
ez - 1 —_ ? (Pn(w) nr

I shall give simpler method of integration of the) product of any
number of BERNOULLI polynomials and also the product of Ber-
nomial and any other polynomial. 1 shall consider some properties.
of BeErNouLLl Polynomial also.

Now

(1) ¢

X
= Z 0@ 3w

(*) Pervenuta alla Segreteria dell’ U. M. 1. il .15 ottobre 1960..
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‘Whittakar [3] proved that
"
@) =" — 5 X+ nC,Bxn—2 ..,

where BB, ... are BERNOULLT' s number, the last term will contain
x or x? according as % is odd or even.

Hence,
! 1 22
@ f TR = '1 T 2m +mn)
ﬁ%f + ...= An, m (say).
Hence,
4

n

5) J 0, x)de = An, n — 5

An — 1, w + "C,BAn — 2, n +
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by substituting the values of g,(x) in the left hand side of (4) and
utilising (3).

Again,
i
) f om(@)0n(@)de — Am, 1 — —”;1 Am —1. n
+ mC,B,Am — 2, n —
Again
H

] xmtro, (x)de — Am + v, n

]
Hence

i
@ [ w7, @)e (@)
0
r
= Am + 1, n—?Am+ r—1. n
+ rCyBAm +r — 2, n... = Cm, rn (say)
Hence,
i
8) [ Pm(Y) 2.4Y) euly) dy
p .
m )
= Cm, 5 Cm-—1, r, +mC,B, Cm =2, r,.

Again

(_ 1) Tem—2r
om [y [m—r I m—or

Am —2 +r, n

/Plll(m) %(.’L‘)dw = gz

‘where P,(x) is Legendri’s polynomial.
Differentiating (1) with respect to x we have

w0 i 2t Hext — 1} t ]
o) o — —
Ze@om =g 1= [ e—1 Ted—1
~ tn1 1 {2n ]
= ,?, 0,() s t [1 5 + 2. (— 1)y ”(2,”)‘.

‘Wwhere Bn is BERNOULLI’S number.
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Hence,

{10) 92n'() = 20 ¢(2n — 1(x) if »)2

(1) o'Cn + Yx) = (2% + 1) gau(x) + (— 1)»—3(2n + 1) X B,

Now
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“Where Bo—= —1.

uzxm p2n
Equating the coefficient of i pin

we
have

2mg2m — 1(x)e2n(x) + 2no2n = L(X)92m(x)

2m 2m A
= %} [( 21_) 2n + (21') 2m] (— 1)*1Bre2m + 2n — 27 — 1(x)

+ (= 1)*B.2mam—s(z) + (— 1)"B,,2m92n(2)
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Hence
0 3m{X) P2n(X) + ©'2n(2) G2m()
2m 2n 2m + 2n — 97'
—§[<2r)2n+(2r>2m](_1) 1Bw2m—+—2n ()
+ (— 1)"B,¢"am(@) + (— 1)"B,,¢"2n() .
Hence,

G2m(®)  Pan(®)

. 2m 2n B 2m + 2n — 2r
_E}H )2% <21‘)2mJ(_1) 1B'(?21%—9—2%—27'(90)

+ (— 1)"B,vom(x) + (— 1)" B, 92m(x) + C.

Putting 2=0, we have C=0 since ¢,(x)=0 if x=0.
Hence

Pam(®)  P2n(@)

2m 2n
= %‘- [(27‘)2” -+ (27) 2m (— 1B,

2m + 2n — 2r

? 3 om oy &)+ (= 1)"B,g2m()

+ (— 1)"B,,¢c2n(x) .

Similarly, we can find

Pom +l(w) ‘Pzn(x)
and
O2m £1(@)  fan(2).
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