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SEZIONE SCIENTIFICA
BREVI NOTE

Some formulas of symbolic calculus for the complete elliptic
intégrais of the first aad second kind.

Nota di S. K. CHATTERJEA (a Calcutta) (*)

3§ummary, - The first part of this paper deals with certain formulas (of
symbolic calculus) relating to the complete elliptic intégrais of the first
and second kind. In the second part a decent number of classical
prnperties of these intégrais have been verified by alternative but inde-
pendent methods.

1. If

then g{s) is called the MELLTN transform of f(x). We shall dénote
this intégral symbolically as

g(s) = M[f(x);s].

In MELLIN transform we have [1]

s; p; Xa~'),

(s>^0, a > 0 ) .

Putting p = 2 ' s = I 2 ï P = = l i n (1<1) W e g e t

<*) Pervenuta alla Segreteria dell'U.M.I. l ' l i ottobre 1960.
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(1.2) / e-«- 4>(|, 1; AS) x~i dx = _ ^ F{± , ;
o

No~w the LAGÜERRE functions .Lv
a (a;), for unrestricted values

of v, are an alternative notation [2] for Whittaker function:

t1'3» = r(.
rtT)r(li.'i)- * ( - • • - - 1 ; »)

we liave

11.4)

A gain the complete elliptic intégrais of the first and second]
kind via,.

7T/2

I db
K(k) = -= ; | fc | < 1

V ; J V l — fc28in*Ô ' ' f

o
and

7T|2

E(k) = j \ l - ^ s i n 2 e de ;
0

are alternative notations [3] for hypergeometric function of GATJSS t

(1-5)

and

(1.6)

Thus we easily obtain from (1.2), (1.4) and (1.5)

(1.7) ƒ e-°* iÜ'i (Xaî)a-î- do; = - L .
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In symbolic calculus, (1.7) can be written as

(1.8,

In LAPLACE transform (1.7) reads like

(1.9)

where L [f(x) ; s] = f e~sx f(x) dx.

Since MEL-LIN transform can be expressed either as exponential
EOTJRIEB transform in the complex domain, or as combinations of
LAPLACE transforms:

M[f(x); s] = F[f{e*); is] =

we have

; s]

(1.10)

î?» (Xe-); \ i

= L \e- L [«r-

Next using p = — 5. s — ~ , p —

exactly in the same way we find

(1.11) / e-*»

in (1.1) and proceeding

ƒ
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Thus we have

e-«*

= L \L{0)I (kx) -

(1.12)

The following analogous formulae of symbolic calculus for the
complete elliptic intégrais of the first aiid second kind were
obtained by TOSCANO [4]

(1.13)

and

(1.14)

L\x

L\x 2

0

^ i. (kx) x~ ï dx

2. TJsin'g the following intégral-représentations for the complete
elliptic intégrais of the first and second kind:

K

E

we shall now obtain some known properties of such intégrais.
First using a z= 1 and X = A;2, we obtain

(2.1) K (k) = g V« fe' x L(l] i
0

oo

(2.2) ^ (fc) = ~ V x ƒ e"35



SOME FORMULEE OF SYMBOL IC CALCTJLTJS FOR THE COMPLETE, ETC. 4 7 5

Next using <x ;= <x2 and X = — >2j we dérive

o

(2.4) ^ _ j p ^ r ) = J e-*LC) t . (_
O

Now we know [2, p. 53]

it follows from (2.3) and (2.5) that

oo

\-K . a V oc/ J 2
o

= / e~xL(l\ÇA*X) -x'^dx; if X2 —

Thus we have

](2.6) 2£"U - ] = a K(l), where a2 +• X2 = 1.

Again from (2.4) and (2.5) it follows that

~ ^ ~ E [ i ^) = ƒ e-(*'+xf)J!L!?|(X«a!).x i dx
V ^ r . a

o

(2.7)

— ƒ* e~x L ^ | (X2x) • x ~ i dx ; if
o
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Next we observe that [2, p. 56]

(2.8)

Thus from (2.7) and (2.8) we have

Again we notice that

(2.10) F (a, b; c; a?) = (1 — x)c-»-& F'(c — a, c — 6 ; c;

Thus finally from (2.9) and (2.10) we obtain

VTT • a'

whence we have

(2.11) £ U -) = - E(X), where a2 -H A»

Next we shall verify the resuit

To this end, we notice that

(2.13)

2 ^
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Now following the method of PXNNEY [2, p. 56] one can easily
obtain :

"> f- f ****=*z-"g%zz)'h ^ ^ -:)
| x I < 1, l > - l.

It may be noted here that the formulae (1.7) and (l.ll) can be
easily yerified from (2.14).

Thus we have from (2.13) and (2.14)

1 V* 1 2 /,/X

HSTow using a = ^ , we easily obtain

dkl

JBT(fc) 1 1

- 1 K(k), where *•

Lastly we shall deduce the property

(2.15) ^
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Hère we notice froni (1.11) that

(2.16)

2 ' 2''

we kûow that

(b — a) F{a, b; c; x)-\- aF(a -+- 1) - bF(b -h 1) = 0.

In particular, we have

(2.17)

2' 2' l j

Thus it follows from (2.16) and (2.17) that

using a ^ r— ? w e easily dérive from (2.18)
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