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SEZIONE SCIENTIFICA
BREVI NOTE

NSome formul® of symbolic calculus for the complete elliptie
integrals of the first and second kind.

Nota di S. K. CEATTERIEA (a Calcutta) (¥)

Summary. - The first part of this paper deals with certain formulae (of
symbolic colculus) relating to the complete elliptic integrals of the first
and second kind. In the second part a decent number of classical
properties of these integrals have been verified by alternative but inde-
pendent methods.

1. If
gls) = j fia) =" des;

then g(s) is called the MEeLLIN transform of f(x). We shall denote
this integral symbolically as
g(s) = M [fiz); s].
In MeLLIN transform we have [1]
( r
{1.1) je—a” B, p; M) xs—‘dx:jif—)ff’(ﬁ, s; p; A,
o

(>0, « > 0).

1 1
Putting BZQ’ §=35, p=1in (L1) We get

{*) Pervenuta alla Segreteria dell’ U.M.I. I’11 ottobre 1960.
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DO

)F<1 L 1;)«1"1).

oo_ L p F(
1.2) /e o ¢ §,1;>\x)x ? do — é’é;

J kS
(1] “2

Now the LAGUERRE functions Lia) (x), for unrestricted values
of v, are an alternative notation [2] for Whittaker function:

() o+ v+ 1) R 'Y
Lv¢ () = T+ )T + 1) s a6 M;a—l-v r%, -;.a ()
. Fa+v+1) .
(1.3) e+ +1) D(— v, +1; x)
we have
1 R (©)
(1.4) ® (é, 1; Am) =11 )

Again the complete elliptic integrals of the first and second
kind viz.,

w2

db
K(k) —oj\ll——kzsin’e I EE<1

and

iz

E(k):jw—kzsineede;
0

are alternative notations [3] for hypergeometric function of GAUSs =

. 11
(1.5) K(k) :Z—;F(é, 35 1; k”)
and
11
(1.6) E(k):’ztlr(—é,é; l;k’).

Thus we easily obtain from (1.2), (1.4) and (1.5)

=x )

<o

1.7 f e—o L(_o) 1 (M) oY doe =

o
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In symbolic calculus, (1.7) can be written as

2

1.8 —
(1.8) \ na

) 1
K (‘/&) = M[e—aw L(_°)% (\x); Q] .
In LaPrack transform (1.7) reads like

2

1.9) —
( Ve

(/D)= sfpgen -]

where L [f(x); s]= ] e~ fiz) dx.
o
Since MELLIN transform can be expressed either as exponential

Fourier transform in the complex domain, or as combinations of
LaprLacE transforms:

M(fix); s]= F[f(e*); is]= L[fle); — s] + L[f(e==); s]
we have

2

- K(‘/E) =M ie-a“’ L(ﬂ)% (Ax); %]

Ve
=L{L(_°)_4i (Az) - x_%; o{]
(1.10)
= F|e—¢" L1 (Ae®); 1'&
- 2 ’ 2
= L |e—a" L\V4 (he¥); I R ey T (he—); :
- — ’ 2 — ’ 2y’
. 1 1 . .
Next using f— — 5 S=5, p= 1 in (1.1) and proceeding

exactly in the same way we find

00

(1.11) f e=s2 L1 (\a)ar™ * do = V%E(Vé) :

]
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Thus we have

2 ) ' 1
1 E(l/;) = M|e—2* L4 (\z); »jl
V ma 2 i
=L L(o)% (Ax) - x_%; a}
(1.12) )
=F _e—“e’” L(°).§. (Rex); —; z}

[ g—se® 7,0 L - 70 1f
:Lheﬂw L %(kew); —35 + L je—ae™" L _;_()\e—w);é.

The following analogous formulae of symbolic calculus for the
complete elliptic integrals of the first and second kind were
obtained by Toscano [4]

(1.13) L[x—%e%" 10<_“-;—”); A] = %K(l/;)

and B
(1.14) L{x—%e%”L, (g) x} —— 4 ]/72r E([/“X)

2. Using the following integral-representations for the complete
elliptic integrals of the first and second kind:

oo

A ) —
K(V;) =3 Vi f e_““”L(_"'; (Ae) 2~ 2 dax
o

AN
E.(l/;) =3 Vroa | e™*® L‘o); (Ax) % dz
o

we shall now obtain some known properties of such integrals.
First using « =1 and A = k2, we obtain

o

2.1) K (k)= % V= /e" ® Lo (k2x) 2~ & do

i
2

(2.2) Ek) = —i V= / e ” L<°’% (k2x) % duw.
0
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Next using « = «2 and A = — 32, we derive
A D .
(2.3) 2 x (1 ) = | e L egya % da.
V= -a S 2
0
A 2
(2.4) 2 E (1, : ) = | e LOu(— r2a) 22 da.
\/71: .0 % 2

0

Now we know [2, p. 53]

. Sin nv
(2.5) LY = Sy 4 ¢ Lo (=)

it follows from (2.3) and (2.5) that

)

E K(’L l) :j ol Lg)i D) - x—% dx
Vreo |« 2

o

oo

=/ e_”L(ﬁ)%(XZx)-x—%dx; if oz d2=1.
Q

2
—_ —/—_K ()\).
V=
Thus we have
A
(2.6) K(’L ;) =a K{}), where a2 +2Az2—=1.

Again from (2.4) and (2.5) it follows that

oo

_2 E(g 2\) — / e_(°‘2+)~’)"’L(_0)§ ()\2_,”) . x_; dx
Vmea o, . 2

0

2.7)

:[ e L'ﬁ)%()\‘zw) caTE dee; if a2 422 =1.
0
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Next we observe that [2, p. 56]

(A + 1)0( + v -+ 1)
O + 1)0(» + 1)

(o]
(2.8) fe—t #* LW (xt) dt = F(—v, A +1;u+ 12
(4]
lx' <1) )‘>_‘1'

Thus from (2.7) and (2.8) we have

s sl )

Again we notice that

(2.10) Fa, b; ¢c; ) =1 —x)e—2—b F{c—a, c—b; ¢; ).

Thus finally from (2.9) and (2.10) we obtain

2 A - 1 11
Ve Pl = Ve (= )
- 1 2
=Vr. - -E(),
whence ‘we have
Ay 1 X
(2.11) E('L &> = E(), where a2 +i2—=1.
Next we shall verify the result
_ Ek)  K(k) g —
@ 12) LKy =) KB e ey,
To this end, we notice that
dy 2 X ~
— ——_K<V—> 2 = —/e_“”L‘_‘”;_()‘x)xEldx
oL o/ 2

(2.13)

oo

LK) oy - b

x(1) =y

Vra
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Now following the method of PINNEY [2, p. 56] one can easily
obtain :

1 TR+1)0(pe-t-v+1)
W+’ T(w+1)0(v+1)

{2.14) fe—at £ Lfy)(xt)dt: F<—v, A1; p+1; ?f)
0

lz] <1, A> —1.

It may be noted here that the formulae (1.7) and (1.11) can be
easily verified from (2.14).
Thus we have from (2.13) and (2.14)

X

ERERE

V ma do \F «
1 A 1 /1 1 3 A
:“\/1—1.aalzK(l/;)—&s_/?F(é+1)F<§,Q; 1;;)

(Y =l 2 () =2 ()

A
Now using « — 70 Ve easily obtain

d 2Fkaz 1
i Ko =—22 2 LRy —

o

B )

k o«

ok o
=—5 K@)+ T Bk

Kk 1 1
=7k Tl R

E(k)

1 1. ,
:Ek—lz_E(k)_TcK(k)’ where k2 + k2 —=1.

Lastly we shall deduce the property

@.15) LBk = ¢ [Ek) — K(®).
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Here we notice from (1.11) that

oC

LB (/) - Vit (V2 _;,/ L ) ot de

()\ '\/'n: 1 3'1')\
v,r.alz E(|/;) —am F(— 3 5 ’;)-

2
\/mx " da

(2.16)

Now we know that
b—a)F(a, b; ¢c; x) +aF(a+1) —bFb+1)=0.
In particular, we have

11 X 11 A 1 3 A
2F<—§, é’ 1,;)—1’_’(5, é, 1,;)——F<—§, é, 1,;)———0
(2.17)

1 3 A 11 A 1.1 A
Thus it follows from (2.16) and (2.17) that
A 1 A X
(o =g =) - =(/)]

X
Now using o« = 5 we easily derive from (2.18)

d
(2.18) o

d 1
a5 | B | =7 [Ble) — (b))
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