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On a formula of Kogbetliantz.

Nota di LEoNARD CaRLITZ a (Durham, N. C.,, U. S. A.)

Summary. - 4 simple proof is given of KOGBETLIANTZ' s formula (1) below }
a generalized version of this formula is given in (5). Also analogs of
(1), for the LAGUERRE and HERMITE polynomials are obtained.

1. KoGBETLIANTZ [1] has recently obtained the elegant formula

® fle, )+ efly, @)= e — L@ Vay),
Where
@ fla, 9= [~ T2 Vighat

and I,(z) denotes the BEssEL function with imaginary argument.
KoeBETLIANTZ has derived the formula by means of LAPLACE
transformation. The formula can be obtained very simply as fol-
lows.

Since -

~o t?’n

L= 2 arat

it follows from (2) that

. x .
s ¥ —tyn
fle, y):nk:,o o ”!fe trdt .

0
It is easily verified that

x

: .
/e—‘t“dt_—_n!;—e—” 3 —+1§,
; r=o0 ¥
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so that
o0 92 n wr
e*flx, y) = > y*‘ — X "—'—0-6’”
n=o M r=o0 ¥:
0o n o0 wr oo xr Pr—1 ”
=3 3 Z-3Z% L.
n=0 W' r=nq1 ¥+ r=1 T p=0 W
Therefore
oo gt r—1 " o oo yn
eflw, ) +efy, =3 = 3 L+ 35 3 L
r=17: n=0o M r=0 ¥* p=r41 N

5T g5 @

o Tl ymo B! =, 7! 7!
="V — 10(2 V-’*’?J),

which evidently proves (1).

2. It may be of interest to mention that the functional equation

3) e*f(w, y) + e'fly, @) = e=+v — Flay),
Where
4 fla, y)= f e Flyt)dt

and Fl(z) is analytic about the origin, characterizes I,. Indeed if
we put '
X A,z

Poy= % oo

then as above
oo x"

' e’”f(w, y): o}S ‘i”yn ] i,
n=o ! re=nt1 T}
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It follows that

2 Y P— %? é " bt —x_"
eflw, y)+efly, ¥)= 2 S5y" 2
© A4, * ®
+ X —a X y_'
r=0 ' a=zra P
) x” yn o A (wy)’n
fod "—2:0 Amin(n, ”')Ir_! m - nio n’k! n|
Comparison with (3) gives 4, =1, so that
. oo " —_
Flz)= nEO A= L2 Va)

Hence the only function F(z), analytic about the origin, that sa-
tisfies (3) and (4) is

Fe)=I,2 V 2)
8. KoeBETLIANTZ'S formula can be generalized as follows. Put

X

o o —
1, )= 5 iz, o) = f e~ s 12 Vit
0

= [ Ve Vihat

Then we have

x

_3_ —
e A
0

so that
o(: yn o0 x!
e x = ¥ < )] —
fx ) n:o N! g—nir4o S}
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It follows that
e°f, (@, y) + evf,(y, ) = e**v — I,(2 Vzy)

. z 2 ynx n-ts

8s=1 M_On' (n+s)' B

2" n+s
Z 2 |—y'—-—i.
s=1 n—o N! (B +8)!

Since
x Yyrxn e
2 T s = > Vay)~LE@ Vay),
we get
®) e*f. (@, y) + ef,(y, ) = ey — 12 Vay) —

— 3 @+ )2 Vay L2 Vay).

For r =0, (5) evidently reduces to (1).

4. For the LAGUERRE polynomial [2, p. 97]

Lsf): § (n+oc)(—x)"

r—o \®—s/ 7!
we have
: | v n —
[6—tL£f)(yt)dt: ,-Eo ('}'I/ )(—-y)"}—e—’” 20 (’l‘-——S)'+ 1%.
[}
Since
no(n+ . x s N Ll (—xy)—
B i e e I W s
- — r
=g 3 ("5 = 2 Cumeve,
r=e " —S57T
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it follows that

x

e [t =— 3 (—yrLediey)

8$=0
0

(6)

» \% n —+ «
+ e 3 n_r(—-—y)'.

In particular for « =0, (6) reduces to

x

e® / e—L, (yt)dt = 5 (— yFLE)  (wy) + e7(1 — y)».
§=0

0

For the Hermite polynomial [2, p. 102]

Hg= = (= 1)y ——2"

r<n r! (nw—2r)! (2
we get similarly
nw '
n
@) o[ et (yndt =— 3 Triayr—Hay)
0

n!
+e X (—1)—=Qyr
2r<mn r.
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