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On the complete elliptic integral of the third kind

Nota di LEoNARD CARLITZ a (Durham, N.C., U. S. A.)

Sammary. - It is shown that
2
J(a2, k2)=1—tn(a2, k2),

where 1(x2, k%) is the complete elliptic integral of the third kind, satisfies
the congruence (8) below.

1. We recall that the complete elliptic integral of the first
kind is given by

where F denotes the hypergeometric function. The writer has
proved that if p —2m + 1 is any odd prime then K satisfies the
congruence [1]

1 1 p—1i m m 2

(1) 31?(5, 5 1 m)ﬁ 20(7) k¥ = 1 (mod p).

Similarly for the complete elliptic integral of the second kind
E:E(k*):’—‘p(_l- %; 1; k%)

we have [2]

1 1 p—im ()2 m I\ (m + 1 p—1
Pr(=gr g (T8 (T) e = E ) moa

The complete elliptic integral of the third kind may be
defined by

in
=1 («2 k%) = do —
=0 (? k)= (1—osin®®) Vi _ k2 sin® @
0
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Expanding and integrating term by term wevget

IO («?, k2)=§J(cx2 k),
where
(5)(z
(2) e 5 Bl
TER= 2 s e
Now
(1
2),.__ 1 /27
“r=a(y)
Also if
=1y A 1P A+ 1y PP 4 0 <7 <p)
then

I

2r 2ry\ (2r)\ (27, .
® ()= moan;
. 2r
it follows in particular that (1‘) =0 (mod p) unless

0<r,<m (i=0,1, 2 .)
Since by (2)
1\ /1
, (o),

( ol Qk’) e 2 2 T k?ran,

t=o0 1‘—07" 2

it follows from (3) that

© ot & (2r) (20 KT act
e Zk?)EE‘(to)(tl)"ﬁo(rf)( ) - e gm (mod p) .

where

t=1t,+{,p+t,p* 4+ .. 0<t; <p).
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We now define

P 198\ (28 toor ) (20, kY oo
s opy =" % °)( ‘)...z( °)( ’)...——.
T (o 07 t=0 (to t, r=0\ %o r, 2tr 2%
Since
1 /2r m
()= (=t (T)moar)  0=r<p),
it follows that

n+ i__l

o= 5o () 8o ) )

t=0 Ty
(mod p) .
Now if

r=17r,+ 7P+ ..+ 1,p" t=¢,+tp+ ..+t p"

and r, <%, then ry,.., r,—, can be chosen arbitrarily; if », =1,
while »,_, <%, , then ry,.., r,_, are arbitrary; if »,—=¢,,
r,— =t,—, while r,_, <§,_,, then r,,..., r,_, are arbitrary, and
so on. It follows that

n

@) T o« = 3 U+ U,
J=0

where

2 2
U= 725'&) (m) (m) (oczkg)fo+--~+tnpn,
B4y 2, =0 to t
U= 3=ttt () () aterettpd
! toy st (2 tj

B (= D)okt (m) (m> kot )
To ¥

m \*  [m)\? i1
tj+‘,...,tn J+ n

where each {; runs from 0 to wm; also #,,.., r,_, run from 0
to m but r; runs from 0 to ¢, — 1.
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It for brevity we put

o s = E (),
R TR X

it is clear that

U= 11 (k)= (SEk)+p+-+2"  (mod p),

r=0
U={1— o"-sz)m (1 — kY™ o+ 40l pd (% k) (S (oczk?))z'j+‘+...—}—p”.
Hence (4) becomes

Tlof, o) = (SR +ot+s"

-+ ﬁ‘: H(L — )L — BY) 2= T2 kY (S(at, k)P i+ to”,

=0

It follows that
i .
(1 — )1 — E) i T (02, a2k?) — (S (k) +-+7"

= 3 (L — UL — k)T TP, RS et

=0
If we denote the left member by W,, then it is evident that
W, — Whes = (1 — a1 — B)* T2, BYSthrr--+s".
Thus
a2, o2k?) — (1 — a1 — k)™ J s (@, «2K?)

(S R+ 42" — (1L — af)"(L — E(S (@thrt - +2"

+ T(at, kY (S(a?k2))p+m+p" ,



ON THE COMPLETE ELLIPTIC INTEGRAL OF THE THIRD KIND 377
which yields
(S (@R~ 2™ | T (a2, ath?) — (1 — o3 (1 — Reyng e (@®, atk?) |
= S(«?k*) — (1 — «})""(1 — k3™ + T(«®, E?).

We now let » — co. Since (1) implies

11 » (m\2 M-
rly g m) B ()R (M=

r=o0

it follows that
11 i ,
G F(2 55 1; k) W, ath?) — (L — o) (L — k2™ TP (o, o?k?)]

= S (k) — (1 — a?)” (1 k)™ + T (a2k?) (mod p)

The right member can be simplified further. By (5) and (6) we
have

=) (1 — k)™ — T (2% k?)

wm m  r—1i
=5 e () (") BT e () ()
7, §=0 rj\s =0 8=0 r §

=3 3 (—y (Z‘)(m) werles

r=0 8§=7r

= f} § (— 1)r+s (m) (’m) k20 2r
r/\s

8=0 r==0
= T (k% «?) + S(x2k?),
so that (7) becomes

® (g g ek 0t e k) — (L— (1 — ey et ook |

= — T(kt,) (mod p)
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2, We have incidentally proved that
@) T k) Tk = (1 — ) (L =k — S (k).
It we put

(2). 3),
n+e g a
g,/ (22, a2k2):p A é _2___kzr 2

t=0 r=o T!t!
it follows that

g, (@2, «2k2) + J,/ (k?, o2k2)

SedCAC S (D)
n —1 18 n —1
J— L4 » 2 Sk2r<x23+p x ( f' > (k«)?r

r,8=0 ris! r=o0

Therefore we get

J (02, 0®k?) + J (K2, «2k?)

-4 -4 1 1
=@1—u) *(1—Fk) *+ F (é', 55 1; oc2lc2),
or what is the same thing
(10) 1 (a2, ok?) + I (K2, «2k?)

-

5(1—a2) (1 — k) F 4 K (o2k?).

The special case
1
0 (k, k2) = 7 (L — B~ + 5 K (k?)

is familiar.
The formula (10) is due to Legendre.
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