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Certain identities and inequalities eoncerning

Hermite polynomials.

Nota di 8. K. CHATTERIJEA (a Calcutta)

Summary. - For the HerMITE polynomials Hn(x) we define the following
function of the real variable x

B, gy 15 () = Hp () Hpp i (0) — Hn(w)H%'l-h-l"k(w)!

where n, h, k are integers such that n==0, k=h==1. The results we
wish to prove are the following:
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By, 1, 15 o H) = 2%(n — 1) !
By—1, 1015 (H) = 2H2, ()

am 1,23 z(H) = (n -+ 2)Hn+i(m)Hn+2(m) - (”‘ + I)Hn(w>Hu+3(w) =

=2 | (H' i (@) — Hyp (@) H -y 0) | + 2H 24 ()

5”:1)2;:6(11) <0’ w<0
=0, =0
>0, x>0

; n=0

Ons 1423 A H) = (0 + 3) H oty () H 42 () — (0 4 1)Hn(m)Hn+3(w) =
1
=g 8ut1, 1,25 {(H)

Sn, b2;x(H) <0a m<0
:0’ =0 5 ')ZEO.
>0, x>0

n—1i
b 2iolH) =4 [2H nlo ot 2 2 (M) 1t Hy o Hy ()

r=0

Am 1345 Z(H) - (H,n(w))2 - Hn(w)H”n(x) +2H 2,,(&3)

dk

Anybz;z(d_wl.H) <09 x<02
=0, =0 /; 1=sk=n.
>0, w>05

Bty 2 ol H) = 20burg, 1y 35 o(H) + 4Hy (@) Horpy () =
— 8xH2, (@) + dn(n — 18y s, 1, 25 o(H).
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1. If we define the HErRMITE polynomials by the recurrence
relation

(1.1) Hy () = 2cHu(x) — 2nHy_ (), Hyx)=1, H,(x) = 2.

We know that they satisfy the relations

(1.2) H'y(x) = 20 Hy_,(x)
(1.3) ‘n() = 2 Hy(x) — Hp ()
(1.4) H'"w(x) — 2 H ' n() + 20 Hy(x) = 0.

Now it is well-known that [1]

i " i)
(1.5) BDper11:2(H) =2 (n— 111+ 7-51 2"—"(n — 1) !J

. it follows that
(1.6) Ay A H) =20 — 1)!

Again from (1.5) we have A, , , ,;.(H)>0. Also we know
that A, 1, 1;0H) — 2H?_ () =2n — 1)A, ;. ,,,; AH) =0, (n=>1)
. we have

1.7) A—1s 11 (H) = 2H? ().
Next, Toscano [2] proved that
(18) A’n—l, 1,4 a:(H) = 2('”’ - 1)A”—2y 152 a-‘(H)’

and
n—2
2 n—1
(A9 Moy 15 ul)=(162) 3 20+ 1)1
=0

% + 1) Hny—sil®).

Thus it follows from (1.8) and (1.9) that

n—2
IR -1
(L10) (1 — DA, 1,35 () = B2) = "2+ 1)! (;; N 1) H? ey yil0).
Hence
(111) Am 1,25 x(H) < 0) x < 0
=0, x=0 % n=>0
> 0, x>0

which was indicated by DanEesEe [3].
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2. Now we shall prove that
@D BnyyyziolH) =@+ 2Hoy (@) Huio@) — (0 + DHp(0)Hpy s S0,

according as —oo << <0, or £ =0 or 0 < < oo; (n=>0).
For,

2(n + DAy, |, 5, «(H)
=20+ DHny, » CQxHupyy — H'ny)) — H'nyy « CQcHpny y — H'ny )
=2n + V)Hp,, + CQeHyp,y — H'ny))
— Hyy 1 20(ReHpy y — H'nypd) — 2(0 + 2)H, |

P (’Vb -+ 1)An, 1,2 a;(H)
:2(n+1)xH 2n+l($)+Hn+1(x)H ,n+1(x)'“2x2Hn+1(x)H I"+l(x)+ -2(H ,“'+ l(x))z
= $[(H,n+1(x»2 - Hn+\(x)H,'n+l(m)] -+ H”-&-l(x)H""+)(x)'

Thus we get

22) (DA, ,, (H)=a[ | (Hnp(X) — Hay () H ny (%)}
+ 2H?%, ()] — Hypyr(%) « Huyo()

@3) @+ DHoy (@) Hay ) — (0 + D) H(x)Hn 4 (@)
=2 | (H'ny (@) — Hypy (@) H "5y (@) | + 2H?y ().

Since the roots of Hy(x) are real and simple, we have [4]
(2.9) H'w(@))? — Hp@)H " n(®) >0, —oco<<a<oo.

Hence (2.1) follows from (2.3) and (2.4).
Furthermore we observe that

(2.5) An. 1,23 T(H) = Hn+2(2an - 2”Hn_‘) - Hu ’2xHu+2
—2mn + 2)Hyu | =2[(n + 2)HpHp ) — WHu_  Hy, )

.*. from (1.11) and (2.5) we get
(2.6) on,;,2;o(H) = (0 + 3)Hu ((®) Hu , () — (0 + 1) Hu(x)Hy () :i-' 0,

according as — oo <& << 0, or =0, or 0 < <oco; (n=0).
Combining (1.11), (2.1) and (2.6) we get the result:

@D @+ NHupy@Hoyy@) — (0 4+ DH(@) @) 0,
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according as —oo < <0, or =0, or 0 <<x <{oo, When r=1,
2, 3; n=0.

4H (x)Hy(x) — H(x)H;(x) — 4x(6x* — 1) shows that r cannot be
replaced by 4 in (2.7).

3. In this section we derive some identities whereby the ine-
quality (2.1) and TuraN’s inequality for HERMITE polynomials
are rendered intutive. To this end, we notice from (2.5) that

(3.1) An, v, 95 HY=20An_,, , 5, H) + +Hu()Hy (),

which immediately leads to the relation

(B2)  An,y,s,(H)=4 [213+1 n!lx + '"'_2—1 9 (:”) 1! Hy(x) Hn_r+1(w)]

r=0

we again have

Hn+1(w) H”(x)

Bt 15 D= o B @) =204 Dy (@) 2 r(2)—2(04+-1) Ha() ’
. . Hn+1(£U) Hn(m) 2H’ﬂ+1(x) H”(x) I
33) =2 Hypo(x) Hypyp,(x) +2 Hy ()  Ha(x),

= 22An, ,, 1 ; (H) + 2Hu(x)Hny ((2).
Now from (3.1) and (3.3) we get
LAy, (H) =10y, y, s 3 o(H) + Hu(@)Hy ()
B .. 0+ DHu@) Huy (@) — nHao (@) Hoy (1) = @A, ; o(H)-

Herewith the inequality (2.1) or TURAN’sS inequality can be
easily proved. (3.4) was also obtained by DaNEsE in [3].
Next comparing (2.3) and (3.4) we derive

(8.5)  H2u,,(x) — Hu(@)Hyp o) = (H'n(2))* — Hp(x)H" () + 2H*u(2).

Herewith TuraN’s inequality for HERMITE polynomials is
easily established with the help of (2.4).

4. Now we shall study the behaviour of
dk dk dk dh
Bn,r2sa (@; H) = dat (Hp 4y () * da (Hpyy(0)) — o (Han()) -

ax .
* g Heas@),  1T<<k<m.
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The derivatives of the HERMITE polynomials satisfy the recur-
rence formula

4.1) d Hy.(ac) = 2k o k),H"_k(x), kE<mn.
Now
dx on n!®m+2)!
A""’“"(WH)_2 h(%—k+1)!(%—k+-3)! :

@2 [mw+1)nw—k+3)Hy i Hyppys— +3)(mw—k+1)-
Hy yHu_y = n—E+ 1) —k+3)u_x,,,5;(H)+2er0n_y,,, ; (H),

where
n!m+2)! o
m—Fk+1)!mn—Ek+3)

Thus it follows from (1.11), (2.6) and (4.2) that
dh
(43) An,hz;m(_kH> <0 ®<0
da =0, =0 }; 1l<<k<mn,
> 0, x>0

—

5. The last section deals with the combination A, ,,,;.(H),
furnishing a simple proof of (1.10). From (2.5) we observe that

A, s, AH)=200n_,, ,2; AH) + 4Hu(@)Hy ()
(5.1) = 20[2(n — 1)An_y, 1, s ; o(H) + 4Hp_ () H ()
+ 4H () + [22Huw(x) — 2nHy_ ()]
= 8xH*p(x) + 4n(n — 1An—_,, 4, 5 ; 2(H).

*. by repeated application of (5.1) we get (1.10).
I am indebted to Dr. H. M. SexcUPra for his encouragement.
I also trank Dr. L. Toscaxo for having gone through this
paper with inferest.
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