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Certain identifies and inequalities concerning
Hermite polynomials.

Nota di S. K. CHATTERJEA (a Calcutta)

Smnmary. - For the HERMITE polynomials Hn(x) we define the following
function of the real variable x

A«, », h ; * W = Hn+h[x)Hn+k(x) - Hn{x)Hn+h+k{x),

where n, h, k are integer s such that n ^ O , k > h >; 1. The resuïts we
wish to prove are the following:

(2)

(3)

An-i, i- 1 ; :

\ , i, 2 ; Jfi

= *[I(H'„

»... i , 2 ; ^

c(H)>2ff2„

r) = (*n-2);
+,(a!))2-if,

0 <0,
= 0,

>o

x<0
x = 0
X>0

r
n+2(x) — (n + l)Hn(x)H"n+3(^)

t+1(œ)]+Sff2
M+1(îK)|

(6) o», i, s ;

(7) i„ , i, 2 ;

(8) i„, i, i ;

(9) i . 1 , 1

(n -H 3)flB+1(«)flB+s(a!) - (» + l)fl»(a;)ïïB+3(a;) =

«==•0.= 0, x = 0
> 0, x > 0

- (H'«(*))2 - Hn(x)H"n(x

0, X<0

= 0, x = 0

(10) Am 1( 2 ; X(H) =
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1. If we define the HERMITE polynomials by the récurrence
relation

(1.1) Hn^(x) = 2xHn(x) — 2nHn^i(x), H0(x) =

We know that they satisfy the relations

(1.2) H'n(x)=2nHn-l(x)

(1.3) H'n(x) = 2xHn(x) - Hn+1{x)

(1.4) H"n(x) — 2xH'n(x) H- 2nHn(x) = 0.

it is well-known that [1]

Y(1.5) *„_„ l t , : .(H) = 2"(n - 1) ! [l -+- Y 2n-!^

.-. it follows that

(1-6) An_ l l l > 1^(iî)

Again from (1.5) we have An_8i b x ;a.(iî)> 0. Also we know
that AH«1,1>I5<,(fl)-
. *. we have

(1.7) *n-lt u

ISText, TOSCANO [2] proved that

(1.8) *'„_,,,, 4 ; „(H) = 2(n -

and

Thus it follows from (1.8) and (1.9) that

(1.10) (n — l)An_. ! ..X(H) = (Sx) 2 2'(2«H-1)! L .

Hence

(LH) AR,1}liaï(fl) < o , a;<.0

= 0, x = 0

which was indicated by DAKESE [3],
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2. Now we shall prove that

(2.1) 8n, u 2 ; m{H) s (n + 2)Hn+,(x)HnUx) — (n +• l)Hn(x)Hn+3 g 0,

aocording as — oo < a? < 0, or # = 0 or 0 < x < oo ; (^ > 0).
For,

Thus we get

(2.2) (n -*- 1)AM, l f , f „(H) = x[ | (I?'n

(2.3) (n
= X[ \ (Hfn+,(X)Y - Hn^ixW'n+iix) |

Since the roots of Hn(x) are real and simple, we have [4]

(2.4) {Hfn(x)r - Hn(x)H"n(x) > 0, - oo < £ < oo.

Hence (2.1) follows from (2.3) and (2.4).
Furthermore we observe that

(2.5) *„, l f ,

- 2(n -H 2)16.4.! i = 2[(n + 2)HnHnJhi - nHn-iHn+1]

.*. from (1.11) and (2.5) we get

(2.6) an,ut. JJS) = (n + 3)Hn+l(x)Hn + *(x) - (n-+- i)Hn(x)Hn^(x) j 0 ,

according as — oo < a; < 0, or x = 0, or 0 < a? < oo ; (n !>• 0).
Combining (1.11), (2.1) and (2.6) we get the resuit:

(2.7) (n -4- r)Hn^(x)Hn^(x) - (n -4- l)iïn(a;)2ïw+3(#) $ 0,
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according as — oo < x < 0, or x = 0, or 0 < a: << oo, when r = 1,
2, 3; ^ ^ 0 .

4tRl(x)Ht(x) — HQ(x)Hi(x) = 4x(6xt — l) shows that r cannot be
replaced by 4 in (2.7).

3. In this section we dérive some identities whereby the ine-
quality (2.1) and TURAN'S inequality for HERMITE polynomials
are rendered intutive. To this end, we notice from (2.5) that

(3.1) A,, u % ; œ{B) = 2^A«_1, u % , X{H) +

which immediately leads to the relation

= 4 n ! x(3.2) AWj 1; 2

we again have

(3.3)

Now from (3.1) and (3.3) we get

2" M r !

-4-2
2JTn+1(aî) JT«(aî)

(3.4) . •. (n -

Herewith the inequality (2.1) or TURAN' S inequality can be
easily proved. (3.4) was also obtained by DANESE in [3],

Next comparing (2.3) and (3.4) we dérive

(3.5) (x) = (Hn(x)Y - Hn(x)H"n(x) -+- 2Hi
n(x).

Herewith TTJRAN' S inequality for HERMÏTE polynomials is
easily established with the help of (2.4).

4, Now we shall study the behaviour of

A"< '•2 ; * ( £ H) s ^ Wn+te)) • ̂  (H^x)) - ^ (Hn(x)) •
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The derivatives of the HERMITE polynomials satisfy the récur-
rence formula

(4.1) £hHn(x) = 2>(^WiHn-k(x), k^n.

— k -H 1) ! (n — k H-- 3) ! *
(4.2) . [(n -f- l)(n — k -
7T TT "1 *N / " A * 7 _

where
n!(HH-2)l

(n — h -H 1) ! (n - AÏ -H 3) !
Thus it follows from (1.11), (2.6) and (4.2) that

x<0
(4.3)

5. The last section deals with the combination An> 1( 2 ; «.(H),
fuxnishing a simple proof of (1.10). From (2.5) we observe that

(5.1)

.'. by repeated application of (5.1) we get (1.10).
I am indebted to Dr. H. M. SENGTJPTA for his encouragement.
I also trank Dr. L. TOSCAKO for having gone through this

paper with interest.
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