
BOLLETTINO
UNIONE MATEMATICA ITALIANA

Leonard Carlitz

Some integral equations satisfied by theta
functions.

Bollettino dell’Unione Matematica Italiana, Serie 3, Vol. 14
(1959), n.4, p. 489–492.
Zanichelli

<http://www.bdim.eu/item?id=BUMI_1959_3_14_4_489_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamen-
te per motivi di ricerca e studio. Non è consentito l’utilizzo dello stesso per
motivi commerciali. Tutte le copie di questo documento devono riportare
questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=BUMI_1959_3_14_4_489_0
http://www.bdim.eu/


Bollettino dell’Unione Matematica Italiana, Zanichelli, 1959.



Some intégral équations satisfied by thêta functions

Nota di LEOXARD CAKLITZ (ad Amherst, U. S. A.)

Sninmary* - Making use of the orthogonality of certain séquences of poly
nomials, it is shown that the thêta functions satisfy certain intégral
équations.

Put

where

Hn(x)= S M»-, ffn(x)= S f*]g'"-*x',

Szegö [2] sho^ved that
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where

(2) ƒ(?)= 2 g 2
n—=oo

Wigert [3] proved that
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where

(4) p(x) = fcir~ 2 exp (— kl log- cc)

and
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In a recent paper [1], the writer has given simple proofs of
(1) and (3) as well as some related formulas; in particular the
new orthogonality relation

(6)

may be cited. It was also noted that (1) implies the following
relation

-d®
n = 0 (1 -4- g w + i ?^ ) ( l -+- gH+£e-w>s)

"which. holds for

(8) l « ^ l

Similary (6) implies

oo

f n (1 •+- qnxt){l -+- qnx~l0)arlp(x)dx = S 1 ~ qHz

J n—x n—1 1
o

which also holds when (8) is satisfied. (Note that this formula
((6.2) of [1]) is not quite correct as it stanHs).

It is not difficult to prove (7) and (9) directly. Thus to prove
(9), we take

00

/

oo oo

II (1 •+• qnxt) • II (1 -f- qnx-lfs) - x-lp(x)dx

00 ^ t , ^(f+1) n ~

But by formula (4.1) of [1]

uo

| ^ p ( x ) f c = g~"2(n+1)2
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for all n. Hence we get

00 rt( ¥

r,s=r-v (q)r(q)s r=0 (#), s=o fe).

g ( i -

— Il n_i_ w _ i >

where we have used the notation

(a)r = (1 — a) (1 — qa)... (1 — (T"1»), (a)0 = !•

This evidently complètes the proof of (9). The interchange of
intégration aud summation is justified by absolute convergence.
Moreover it is clear from the above that |9j holds provided (8; is-
satisfied;

2. Returning to (7), we take z =z t~l and replace q by q1. Thus
(7) becomes

oo

- „ ^ ( i -g 1 - ) 1

where no"W, in view of (8)

In particular we may take t = eitù, where o> is real.
Next if we recall that

00

6,(v) = Ô3(^} g ) = S qn2e2n™
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W A i t ï , q) = T S ( - l)»g(2»+i)*e(2«+i)7t««

g (q
n=i

then it is clear that (10) implies

(12) ^ d ï j t d .(cp -+- w, q) ' 2 u s m 7t(o
0

that the left member of (12) can also be written in the form

/
§A& H - t*>, Ó)

3, As above, we tate z = t"1 in (9) and replace q b j q*. Thus
(9) becomes

00

(13) / S ( l H- q2nxt)(l H- qnx'1t~1)x-1p(x)dx =
J i
0

oo= n

again it is assumed that t satisfies (11). If we take
t = e2niv, than right member of (13) becomes

where, in the usual notation,

The integrand in the left member of (13) can be expressed in
terms of 6^), but it is perhaps simpler in its present form.
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