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"On the variation of the Fredholm resolvent.

Nota di RicHARD BELLMAN (a Santa Monica),

Sunto. - S¢ oftiene un’equazione differenziale non lineare, che fornisce la
variazione del nucleo div FREDHOLM con la lunghezza dell intervallo.

Summary. - 4 wuonlinear differential equation is oblained, showing the
variation of the FreEDHOLM kernel iwwith the length of the interval.

§ 1. - Introduection.

Consider the integral equation

1

(1) wix) = v(x) + [k x,y)yuly)dy

a

whose solution. under suitable assumptions concerning the kernel
k(x,y), may be written in the form

1
2) u(axr) = v(x) + , K(x,y,a)v(y)dy -

@

The function K{x,y,a) is called the Fredholm resolvent. We have
delibera.te‘ly indicated the dependence upon «, since it is the
variation of K(x.a) as a function of the end-point ¢ which we
wish to discuss.

In a previous paper, [1], we considered the problem in the
special case wWhere k(x,y) is symmetric, and such that the functional

i 11
3) Jt) = [ wiaydz — | / k(. ulyuiy)dxdy

is positive definite for some range of @ values such as 0 < a <1.
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Using the functional equation technique of dynamic programming,
we derived the result

K
4) 30 @90 = — Kiwa,a)K(ay,a).

In this paper, using a different technique, we shall prove

TarorReEM 1. - Let us assumme that

a) k(x,y) is conlinuous in x and y for 0 <<x, y<<1.

(5) b) the solution of (1), may be written in the form given in (2)
for 0 <<a<1.

Then (4) holds for 0 < a <1.

Using the same technique we shall give an alternative proof of
a result of SCHIFFER [2] concerning the dependence of the GREEN’s.
function of

(6) %" + (plx) + tg(w)u.
upon £.
§ 2. - Proof.

Without loss of generality, take v(x) to be continuous over [0,1].
Then from (1,2) we obtain

1
K
o (o) = K@ aa)ola) + [ 2 (myanin)dy

while (1.1) yields

1
@ (@) = — Kmajula) + [ Fayhuafo)dy.

Regarding this as an integral equation for the function w,(x), we
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see-that u,(x) is given by

1
{3) () = — k(x,0)ula) + u(a) ’ Kizx,y.a)k(y.«)dy .

o

Replacing w(a) by the expression obtained from (1.2), we see that

1
(@) = — | ol@) + [ Kiayanipiay |-
{4)
1
ko + [ Klogaiady .

a

Equating the expressions for u,(x) given in (1) and (4), we obtain
the two results

L
{b) K(x,a,0) = k(x,a) + [ K(x,y,a)k(y,a)dy ,

a

X w0 = — KwaaKay.a).

The first is readly derived from either FREDHOLM theory or the
LiooviLLE-NEUMANN solution, while the second is the result we
wish to demonstrate.

§ 3. - A result of Schiffer.

Consider the equation

u” + (p(x) + tg(x)u = v(x),
1
w(0)=u(1)=0,

whose solution may be written

1
@ ulz) = [ Kiwy,tpiy)dy
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We wish to study the variation of K with ¢.
We have
2K
¢ "2
@) wiz)= [ %5 @y oy,

and, from (1),
u” + (plx) + tq(x))u, =—q@)u,
{4)
u,(0) = u,(1) = 0.
Thus, from (4),

1
= — [ Koy halypaz)dy

6)] =— f Kiz,y,t)q(y) [ fl K(y,z,t)v(z)dZ} dy

L 1

= - [ [/ K(x,y,t)K(y,z,t)q(y)dy] v()dz .

o o
Equating (3) and (), we see that

1

”

oK
©) 5 @y = — | KwazbKieybaeds

°
This is the formula of SCHIFFER, [2]. 1t is clear that the same

method can be used to study the GREEN’s functions for a variety
of boundary conditions.
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