
BOLLETTINO
UNIONE MATEMATICA ITALIANA

Philip Hartman

On the ratio f(t+ cf−α (t))/f(t).

Bollettino dell’Unione Matematica Italiana, Serie 3, Vol. 14
(1959), n.1, p. 57–61.
Zanichelli

<http://www.bdim.eu/item?id=BUMI_1959_3_14_1_57_0>

L’utilizzo e la stampa di questo documento digitale è consentito libe-
ramente per motivi di ricerca e studio. Non è consentito l’utilizzo del-
lo stesso per motivi commerciali. Tutte le copie di questo documento
devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=BUMI_1959_3_14_1_57_0
http://www.bdim.eu/


Bollettino dell’Unione Matematica Italiana, Zanichelli, 1959.



On t h e r a t i o f(t -•- cf-«{t))/f(t). (<)

Nota di PHILIP HARTMAN (a Baltimore)

Suminarj. - The condition (1) f(t-f- cf-«(t))/f(t) - l a s t - o o , its diffe-
rentiated form (2) i'(\)>ilJra(ï) —*• 0 as t —• oo and its integrated form

V

(3) Jo# (f(u)/f(v))/(l -f-^fa(s)ds) — 0 as u,v ->oo frequently occur in the
u

asymptotic intégration theory of d2x/dt2 ± f(t)x = 0. The results proved
00

imply that (3) and f fa(t)dt — oo are equivalent to (1).

Limit relations of the type

(1) f(t -»- cf-*(t))lf{t) — 1 as t — oo

or its **differentiated" form

(2) f'[t)l ƒ*+* (*) — 0 as i - o o

or its "integrated" form

(3) l.u.b | log(f(u)lf(v)) | / ( 1 + / f» («)d») — 0 as « — oo
«<v<oo J

concern the "regularity of growthv of f\t). They occur frequently
in the theory of the asymptotic intégration of the differential
équations

For example, if f(t) is positive,

and continuous for t ̂  0, WIMAN [8] has shown that (2), or even
(1), with % = 1/2, implies that if x — ic(̂ ) E|= 0 is a solution of (4+)

(*) This research was supported by'the United States Air Force through
the Air Force Office of Scientific Research of the Air Research and
Development Coramand under contract 'No. AF 18(603)41. Reproduction
in whole or in part is permitted foi* any purpose of the United States-
Government.
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nud iV(T) is the number of zéros of x(t) on 0 < t < T, then

T

{6) TcN{T\rsu fm(t\dt as T — oo .

b
{For a simple proof of (6) under the assumption (2) with a — i/2,
see [3], p* 642) Actually, when (5) holds, the relation (3) for a = 1/2
is necessary and sufficieut for the validity of (6); cf. [5], p. 10. A
similar example concerns (4_) : when (5) holds, (3) with a = 1/2
is necessary and sufficient for (4_) to have a pair of solutions
jx = x± satisfying

±(<) as t — oo .

This follows from [2] after the change of variables ds=f1l2(t)dt in (4_).
Other examples of the occurrence of (i), (2) or (3) in connection

with (4±) can be found in [8], [IJ, [4], [6] and [7], pp. 52-60.
The object of this note is to prove a theorem concerning the

4iéquivalence" of (1) and its integrated form (3).
(*) Let f(t) be a positive continuons junction for 12> 0* Let m(t) be

<t positive continuons funciion for t > 0 snch that, for some non-
-négative constants C and y>j

<8) {m{v)lm(u)\^ ^ C{vju)r for 0 < u < v < oo «

Necessary and sufficient for

l.u.b. | log A«*)/ft«) | / ( l + j w(ft«))ds) - O a s w - o o
U < tî < 00 J

4s that
oo

/ m(j(s))ds =

and that, uniformty on every bounded c-set,

f{t -H c(m(f{t)) )l f(t) — 1 as min (U +-

Note_Jhat there is no assumption of monotony on f(t) in (*).
•Condition (8) holds (with C = l) if m(t) is continuously differentiable
â;iid | m'{t)im(t) | ̂  y/i ; for example, if wi(J) = Ê ï̂.

The proof of (*) is suggested by some arguments of [5] and of [6].
Proof of (*). It will first be shownrthat (9) implies (10). Suppose,

if possible, that (9) holds,but that (10) fails to hold. Then (9) im-
plies that lim log f(t), as t —* oo, exists as a (finite) numb^r. Hence.
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lim f(t), as f ^ o o , exista and is a positive (finite) number. Since
m(£) > 0 for £ > 0 , it folltvws that (10) holds. This contradiction
proves (10).

It will now be shown that (11)̂  holds uniformly on bounded
€-sets. Let M, V > 0 and put

and
V

s(w,t?) == I log h(u,v) | / (1 -H | | m(f(s\)cls ) .

By virtue of (9),

(14) e(u,v) —* 0 as min (w,i;) - * oo .

Let p,q dénote (arbitraiy) points of the t-interval I = IUv , with
eudpoints u and v, such that

<15) fip) = max /m and flg) = min /(<).
i i

Obviously,

<16) min (utv) —>oo implies min (p,q) - ^ oo .

P u t H(u,v) = f\p)lf(q). so that

(17) log fi(u,t;) = *(p,q) (1 -h | ƒ m(A«P s | )

and

<18) | log tyu,v) \ <: log H[u,v).

For a fixed u and c, let

(19) ^ = v -f- clm{f{v)).

I t is assumed that t?, c are such that
Since \q— p\<\v — u\ = \c\lm[f(v)),

| i m{f(s))d s | ̂  | g—p | max m[ f(s)) ^ | c | max

"where the max refers to the s-interval with endpoints p,q. ±Jy (8),
the factor of j c| i$ îlot greater than C max {f{s)jf(v))r <LC W (u,v).



Coiisequently
a

/ m{f(s))d s\<^C\c\ W (u,v).

p

It follows from (14), (16) and (17) that

log H{n,v)l(l -h C c Hr (u,v)) —- 0 as min (w,v) —* oo .

Tonsequently, as min (te/u)-* oo ,

(20) either R(u,v) — 1 or i/(w,t>) — oo

uniformly on every bounded c-set, consistent with min (u,v)~-oo.
(For example, for the first alternative in (20), this means that if
z,M are given positive immbers, then there exists a number
T= T[uM) such that | H(u,v) — l |_<s whenever v and c are such
that c ! < M and min [u,v) > T). When c = 0, then f(p) — f(q) —
= f(v) and H(tt,t?) = 1. Consequently, the first alternative in (20)
holds uniformly on bounded c-sets, as min (u,v) —• oo. In view of
(12) and (19), it follows from (18) that (11) holds uniformly on
bounded c-sets.

There remains to prove the converse implication, that is, that
(10) and the limit relation (11), uniformly on bounded c-sets,
imply (9). The assumption concerning (11) implies that, for e > Qr

there exists a T, such that

(21) log (f(u)lf(v)) ; < s if min (u,v)> T, and | u — v \ <U/m(f(v)).

The assumption (10) implies that if v > 0 , there exists a unique
positive number b = b{v) satisfying

(22) I m\f(s)) ds = l .
V

By the continuity of f[s) and of m(t), there is a number p such that

(23) b(v) m(f(p)) = 1 and v<Lpïgv + b(v).

Applications of (21) to the two cases (u,v)~(u,p) and {u,v) = (v.
give

(24) i log if(u)lf[v)) | < 2E if v> T£ and v<Lu<^v -+- b(v),

s ince u — p \ ̂  6(t;) = l/m(f(p)), | 1> — ̂  i ^ b(v) — l/ni{f{p)) and
min {u,p) ̂  v, min fv,p) = v.

For a given ^ > T£, define a séquence of numbers
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b y p l ac ing qo(t) = t and if q0, . . . , ^ _ t h a v e been de f ined . p u t

4 , = qK-x + 6(gA_ ;). T h e n g, > g * _ t ,

9ft.

<26> | log (A»l/A«*-i))"l < 2 s - i r Ci J k _ 1 <Tt^f J f k .

C l ea r ly , (25) imp l i e s t l iat qK —» oo as k - * oo .
If M > ,̂ then there is a unique positive integer k such that

-gft_! <u^qk. Consequently,
u

i log \f{u)lf\t)) | •< 2 /CE and 1 -H / mf^a)) ds > 1 H- (k — 1) = k .

Thus

log (A«)/A*)) I / (l + / «t(rts)d8).< 2s if tt > i > TE .

This is equivalent to the. assertion (9). Hence (*)• is proved.
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