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On ultnispherical polynomials.

Nota di BLAUOJ S. POPOV (a Skopje, Yougoslavie)

Summa 17 - This paper will give several results involving the ultraxpherical
polynomials, The explicit expression for the product of these polynomials
as a sum of such polynomials will be obtained. In particular Buiïey' s
formula for the product of ttvo associated Legendre fonctions is proverf.
Besides, some intégrais involving ultraspherica^ptrlynomials have been
evaluated.

1. In hypergeometric notation, the ultraspherical polynomiais-
may be defined by

(1 -4- a) / 1 — x
(1) Pn(«» *»(a:) — —^ %FX I — n, n H- 2% + 1, x + t, —^

with

= a(a -4- 1)... (a -+- n — 1),

(a), = 1.
"Writing

(2) tF1 {-m,(2) tF1 {-m, m »-2p i-l, 8-HI. 1-^\ tFt ( - n , »n-2*+

— m — n -+- 2/c, m + w + 2a -

we evaluate the coefficients a^ by a direct method.
We find

,,,(—n)k(—<

2m-h2n-h2x— 4fc + l [ fi—a, fc—MÏ, l/s—a, — fe, j
2&-+-14 8 [w —A;-HI, fc — m - n —2x, ^j-hfi j *
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wli ere

a, 6, c X =r 2i ~~r

m < w.

From (1) and (2) we have the formula

— *

vliich give the composition of the ultraspherical polynomials.
AVhen v. = Ö. {3) becomes

pw<7, «» (aï)Pmf»» «) (x) =

= (w H~ 2a ̂ - 1)„, 1 ,

a — k •+- l)A(w H- a — A; H- l)A(m -+- n -+- a — 2fc -+-
H- 2a - 2& •+

2n -f- 2a —

If a ̂  6 = 0, the formula (3) reduces to the well-known
AIANN-ADAMS formula for LEGENDRE polynomials [1],

2. The connexion hetween the function PM(a»*)(x) and the asso-
ciated L E GENDRE function PM

r(x) is givén by the équation l

(r is an integer).
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Substituting PJr>r)(x) from (5) in (4) we get the remaining
BAILEY'S formula [2]

_ o, v Am-kAk,-rAn-k (m -+- n — 2r — 2

2m -H- 2n — 2r

2n — 2r - 2A; H-

ri) «fr,f

r) !

m < n.

Furthermore, by means (3) one can deduce the formula for the
product of two associated LEGENDRE functioiis of different degree

different order.
Really, we find

— 2, *Vr 4w-*4fc,-r47-fr (m H- TO - r — s ~ 2k) !

3

(m -+- n — r -+- s — 2k) !

s).

Using (3) we can evaluate the intégral

Since
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J l ' n-4- 2a (n
—i

have

v
—2k^l)th(n—h)\(m—h)\2~ï

—2k)

3—a, k—mt
 1j1—x9 — k,

2fc-f-l4
 H ^ — ^ - Ï - 1 » ft—w- w—2a, V.

AVhen m = n, an i ^ — 0, we obtain

—1

If 3 = 0 and a is a positive integer, then

1

r /Je -+- a — 1\ 2%(m - h w - t - 2 a - 1) ! !

—i

n — m = 2&.

REFERENCES

[1]. WHITTAKBR, E. T. and WATSON G-. K., .4 Course of modem Analysis,
fourth édition, Cambridge, 1952.

[2], BAILEY AV. X., On the Product of two associated Legendre Functionsy
«The Quarterly Journal of Mathematics ». Oxford series, vol. II, IN". 41,
(1941), pp. 30-36.


