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Abelian theorem for a generalised Stieltjes transform.

Nota. di SuUrREsHE CHANDRA ARYA (a Nainital, India)

Sunto. - In questa comunicazione é mostrato che se la trasformazione

o0
T@m + 1) 1/ [2m +1, 1

¢
f(s)=l.( m— T 4+ 320 —;]dz(t)

m—k+3/2) s
0
che é una generalizzazione della frasformazione di STIELTJES, converge,

allora in certe condizioni per qualsiasi costante A
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dove ¢ é una certa costante.

Summary. - In this paper it is shown that if the transform

T'(2m + 1) 1/‘ 2m + 1,1 17

Lm —E+3/2) s m—k+32" " s
0

f(s) = da(t)

which is a generalization of STIELTIES transform, converges, .then
under certain conditions for any constant A
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where ¢ is a certain constant.

1. Introduction.

It we iterate the LiaPLace Transform, i e. if we take

f.(8) = | e—s1(B)dt,
i
‘where
U(s) = | e~stg(2)dt,
|
then

s+ 1

«(t) .
(11) f 0(8) - : dt
/
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and (1.1) is referred to as the SrieLrsEs Transform. On replacing
o)dt by du(t)y we get the more general case of (1L.1) in the form

"t
(12) iy = oo
)

Varma [3] has given a generalisation of Liaprack integral in
the form

o0

(1.3) f(s) = / (styn—12e— P2 W, w(SOVDAL.
0

He has also shown that if f(s) be the transform of () in this
generalised sense and Y(s) to be the ordinary LaPrLack transform
of o(f), we get

r@m +1) 1 °°[2m+1,1 ot byt
sl ¢

14 (=G %53 s m—k + 3/2
0
where Re(2m + 1) > 0.

1
If k+m= 5 the hypergeometric function degenerates into a
binomial expression and we get the ordinary StievLrsEs Transform.
1
If k—m=g3, and 2m + 1 =p then also the hypergeometric func-

tion degenerates into another binomial expression and we get

ety

(o) (s + ¢ty

(L.5) b(s) = 1 s—PHif(s) =

0
which is a generalised form of StieL1sES Transform. On replacing
o(tydt by dx(f) in (1.4) and (1.5) we get the more general cases in

the forms
o0

_ I'm+1 1 2m+1,1 t
(L6)  flo= Tm —k+3/2) s [ [m —k+32 s} da(t)
9
and )
[ da)
(L.7) 8(s) - f ——r

In this paper we will give an Abelian Theorem for the trans-
form (1.6). In what follows we will assume that «(x) is a norma-
lised function of bounded variation, and s is a real variable.
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- 2. Abelian Theorem.
TeeEorEM A. - 1f (1.6) converges for s > 0, and if
() Re(m + 1) > 0,
3
(#) m — ic+§:f:0, —1, —2,..
and
1 1

(9¢7) Re m—~k+§+y >0, Re g—m—k+y >0,

€

: 3
Re(m +k+z— *() > 0, then for any constant 4

— (Dm—k—+32) Pt )
< —m— 1 —
(21) s_l_l;.nol+ I'@m + 1) 8 Fis) A :z.in(}—f- ctm 2= 4|,
8§ —s 00 t—s 00
where
291 o r@m + 1)I(—2k + 1 +v)
(22) = T+ 32—k + 12 1) (1/2—m —F+ P m+ k+3/2—7)

Proor. - Integrating by parts, we have

_ Gm+1) 17 om +1, 1 ' Eﬂm
)= e a3 5 “OF e s 32 — 5|+
fEm-+2) 1 [ (2m+22 ¢ B
* Tm —k +5)2) s‘?[ {”"-k+5/2,’ —5|uhat =
0
_ T@m+2) 1 . 2m +2, 2 q
_—m s_?j lm_k+5/2= s «(B)dt,
0
for O(.(O):O and
2m + 1. 1 t
u(t)F[m_k+3/2, -3 = o(1) (t — oo)

since (1.6) converges [1].
Now

@m + 1) > 2m + 2, 2 t
5 A oT— ke Mk 1)2—Y i ap =
(23) s h—3 ’(m 2 3/2)ft / F[ k+52 T dt
0
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_ Um—Ek+3/2)l'(m  k+1/24-7)T(1/2—m - k+y)[(m—+k+3/2—7)
= ICm + DI(— 2k +1+7y)

provided that Re(m —k -+ 1/2 +v)> 0, Re(;——m—k+y)>0,

5
Re(m + k + 3/2 —v)> 0, and m—k+§:#:0, —1, —2,.. since
[2, page 79 (4)]

[z—s"F[a, b; ¢; —z]dz =
0

I'(a + s)I'(b + s)I'(c)(— s)
T(@)L(B)T(c + s)

Let us define ¢ by (2.2).

Therefore

7 T'(m — k + 3/2)

I

s‘f——m—k—*—l/?f(s) _ A’
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= a5 S T . - _ m —Y
.n—k+3/2)s ]F[m—k+5/2’ SB"‘(t) Act =Y} dt,
or .
Jl<lLub| D 4]
= O<t=T ctm—f—h-f—)/'z_y . '

T
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V) ‘ ]
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— 7 Yem—h— .2 _ m 2
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T
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T
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But
.°°t mARFLI=Y (D 4 D 2 ¢
/(") m — kb + 520 “E]d(t/s)z
~ 2m +2, 2 ]
— mAk41,2—Y .
=] Flm—k+5/2’ v)dv
T/s
which tends to zero as s — 0 +.
Let us set
2m + 2, 2
U=F[m—lc+5/2’ "’z]
then [2, page 63]
(2.4a) U=00?) (# — o0)

if (¢4) 2m is a positive integer,
or (i) 2m==0 or a positive integer, k=m3=1/2 and Rem >0,
or (i) k +m = 1/2,
or () 2m =0, -k + 1/2=0;

(2.4b) U=0("3""7) (2 — o0)
if (6) k—m=1/2,

or (i4) 2m ==0 or a positive integer and Rem < 0;
and

(2.4¢) U=0(z—2log ) (# — o0)

if 2m =0 and —k + 1/230.

Now take s so small that under conditions satisfying (2.4a

we have
2m + 2, 2 t 1\
‘F{m— k+5/2° _g”éM(§> ’
Therefore, for small s
T 2m 42, 2 t
5 Y~ m—k—3/2 s .
(2.5a) s /‘[F[m— b+52° s a(t)dt’§

=

ST—m—r+1/2f [ t—2a(t)dt ‘ .
i
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The integral / t—%(?)dt is convergent, since
T

«(t) = o(?) (t — oo)

under the same conditions. Therefore the left hand side of (2.5a)
tends to zero as s tends to zero if Re(y —m — k + 1/2) > 0, which
we have supposed, is already satisfied.

Similarly, also for small s

2m + 2, 2

(2.5b) m—k 452

gl—m—r—3/2 [ F[ Z] w(t)dt \ =
T

=

sT+'m-—-k+l/2M][t—z’"_?o!,(t)dtl
T

under the conditions (2.4b) and the integral / t—*"2(f)dt is con-
T

vergent since «(f)=o0({**') (! — co) under the same conditions.
Therefore the left hand side of (2.5b) tends to zero if Re(y + m —
— k + 1/2) > 0, which, we have supposed, is already satisfied.

Again, similarly for small s

o0

SY——1n~——k—-3/2/ FF’M +2,2 — gJ a(t)dt ( <
T

=

s¥—m—h+1 2L, /t—’ log (t/s)oc‘(t)dt‘
T

under the conditions satisfying (2.4¢) and the integral /t"z log (%)a(t)dt
T

is convergent since «(f) = o(t/log?t) (! ~— oo) under the same con-
ditions. Therefore the left hand side of (2.5¢) tends to zero if
BRe(y —m — k + 1/2) > 0, which is already satisfied.

Hence

r 2m + 2, 2 t
Yo m—h—3,2 9 . s
s ! [F[ k452 3 a(f)di
T

tends to zero as s tends to zero under the conditions stated.
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Therefore
_ ] T 29m + 1) o(t) ; ‘
- T—m—ktif2pgy " " 7 4i<lub. |2l Al
Jm s 1) =%+ 3 ' = 0<UST |gpmrrr it
Since T is arbitrary, we have
_ sery Tm —Ek+ 3/2) T at)
i T— Mt 12 YA Al< lim | — R A,
s—:n;+ $ F(s) T'@m + 1) T t—s 04 | cprtrr12—Y ’
Also, as before
) T'(m — k+ 3/2) w(t)
Y—m—h-+1/2 AN oA <lub | ——— —A}.
s f) T'm + 1) 4= T;ut<oo ctmtEtl2—Y [

@m+ Do [[E\mRrBE=T om2 9 ] i

m— k + 3/2) ( m—k+b52 s (s) +
T
@Cm + 1) Yt heB(2 2m+2,2
- k+32)° / Fm—k+5/2’_s°‘(t)dt+
@ (1) S\ =t (o 4 2, 2

2m -+ 1) [[t\m+i+iz— 2m -+ 2, . t t\ |
+|A(m—k+3/—23 (5) Flm—k+5/2’ —g}d(g)ﬁ

The last integral equals

7
j ,Um—i—k+ I/Z—YFI

0

2m + 2, 2

et = v

which tends to zero as s tends to infinity.
Also; for given T, the integral
T

2m + 2, 2 t
Y—m—kr—3]2 4 . - —
8 _[F[m — k+ 5/2° s} «B)dt

tends to zero as s tends to infinity if Re(y — m — k — 3/2) < 0,
which we have supposed in the theorem.
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Therefore
- L(m —k + 3/2) a(t) ?
Y—m—h+ 1/ AR YY) _Al<luwb | —N 4
sl.lr.noo s 4 T2m + 1) ‘ = T;<3<,o cpmtr12—Y _

or since T is arbitrary, we have

- T(m —k + 3/2) l— 7 | x(t) ‘
Y—m—k+1[2 A PR < N
sllﬂ:>° S f(S) I‘(2m + 1) A = tllmoo ctm+h.+l/2—T' 4

CorOLLARY 1. - If £ —m =1/2 and 2m + 1 =p, we have the
following theorem due to WIDDER [4, page 183].

TEEOREM B. - If (1.7) converges for s >0 and 0 <y <p, then
for any constant A

(2.6) im |se)—A|< Tm |20 _ 4 .
8 —+04 =t 04 | CyTPY
8§ = 00 — 00
where
T'p)

AT TG —y+ 1)
CoroLLARY 2. - If k£ + m — 1/2, we have the following theorem.

TesoREM C. - If (1.2) converges for s> 0, and if 0 <y <1,
then for any constant 4

@7 fm s —4|< Tm | 2O 4]
s — 0+ Tt 04 | Co1TY |
8§ = 00 o

where

1
“=TOre —v)°

I am indebted to Dr. K. M. SAksENA for guidance and help
in the preparation of this paper.
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