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Àbelîau theorem for a gêneraiised Stieltjes transform.

Nota di STTBBSH CHANDRA ARYA (a Nainital, India)

§unto. - In questa comunicazione è mostrato che se la trasformazione

„ n X _ r(2m+l» i r ~ r 2 m + l, 1
sj [m — fc-+-3/2' s\ K }

che è una gêneralizzazione délia trasformasione di STIELTJES, converge,
allora in certe condizioni per qualsiasi costante A

lim
S »-OO

^ lim
t —*- 0-<
t —*• oo

— A

dove c è uwa cer^a costante.

Suinmary. - Jn ffcis j?aper it is shown that if the transform

_
t(m — fc-+-3/2) s j [m - fc -+- 3/2 ' s

o

which is a gêneralization of STIELTJES transform, converges, ,then
wnder certain conditions for any constant A

r(m—
lim

where c is a certain constant.

- A ^ lim — X

1. Introduction.

If we iterate the LAPLACE Transform, i. e. if we take

then
Ó

• d i
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and (1.1) is referred to as the STIELTJES Transform. On replacing
®(t)dt by dx(t) we get the more gênerai case of (1.1) in the form

YAKMA [3] has given a généralisation of LAPLACE intégral in
the form

(1.3) f(s) = J\st)™-ll*e-isilr2Wk, m(st)<h)f)dt.
o

He has also shown that if f(s) be the transform of ty(t) in this
generalised sense and <\>(s) to be the ordinary LAPLACE transform
of o(t)j we get

where Be (2m -+- 1) > 0.

If k -+- m = s , the hypergeometric function dégénérâtes into a
binomial expression and we get the ordinary STIELTJES Transform.
If k — W = QJ an<^ %m H- 1 = p then also the hypergeometric func-
tion dégénérâtes into another binomial expression and we get

,.„ , ( S ) = ^ ) 8 - P „ « S ) = / " ^
which is a generalised form of STIELTJES Transform. On replacing
y(t)dt by d-x.{t) in (1,4) and (1.5) we get the more gênerai cases in
the forms

T(2m H- 1) 1 f°l\2m + 1,1
= i ^ , t d ^ s.lF[m- *.+ 3/2 '

and

(1.7) 6(«) -
o <S + t)P

IQ this paper we will give an Abelian Theorem for the trans-
form (1.6). In what follows we will assume that OL(X) is a norma-
lised function of bounded variation, and s is a real variable.
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2. Abelian Theorem.

THEOREM A. - 3f (1.6) converges for s > Ö, and if

*) Be (2m •+- 1) > 0,

(ü) m - , — 1, —2, . . .

and

(Ui) Reim — jfc -+- - -4- Y) > 0* JBe(p — w — & •+- yJ > 0,

/ 3 \
I m -*- fc -+- 5 — y) > 0, then for any constant A

(2.1) lim

where

r(2m
S ' '^S^

—fc-h3/2)r(w—

PROOI1. - Integrating by parts, we have

r(2w -Hl) 1 2m + l , l t

_ t + s/2 ; - 5IJo

r(2w-4-2) 1 C
s"2J
1 C
"2J

2w-f-2, 2
— fc + 5/2) s"2J [w - f c + 5/2' ~~ s

_ F(2m H- 2) 1 f \2m -i-2, 2
— r(m-&-+-5/2) 72J ̂  [w - A; -H 5/2 ;

for a(0) = 0 and

since (1.6) converges [ij.

Now

- f e + 3/2' s
oo)

(w - & -+- 3/2)J * m - k + 5/2 ' s
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- y )
T(2m

provided that — k+- 1/2 -+- y) > 0, j?e ( - — m — & -h y j > 0,

Ee(m + fc + 3/2 — y) > 0, and m — k -+- ~ =|= 0, — 1, — 2,... since

[2, page 79 (4)]

-*-lF[a, b; c; - 0 ] d 0 =

Let us define c by (2.2).

Therefore

• s)T(b -h s)T(c)T(— s)
T(a)r(b)T(c -+- s)

k_3 JÏ2m + 2,2
t-r cK,

or

(m-*+3/2)
* + 2, 2 n

U - & + 5/2 ' ~ ï]d(tls)

m — &-+3/2)1 jfc+5/2? s
J«*m-Hfc+l/2—Y dt

^ 1. u, b.
2—T

(m — fc -+- 3/2) 5 J [m — A; -+- 5/2 ' "" sj
T

(m — fc -*- H/2)
^H-2, 2

m — k' -K 5/2 '
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But

ƒ©'""""
T

2m •+- 2, 2 *
w - fc + 5/2 ' ~~ s

2m -H 2, 2

which tends to zero as s ~+ 0 -+-.

Let us set

then [2, page 63]

(2.4a) Z7 = 0(s~*) (s — oo)

if (i) 2m is a positive integer,

or (ii) 2m4=0 or a positive integer, fc ri: m4=1/2 and Re m > 0,

or (m) /c -h m = 1/2,

or (iv) 2m — 0, — & H- 1/2 = 0 ;

(2.46) /7 = O(0-2 m-?) (s — oo)

if (i) k - m = 1/2,

or (ii) 2m 4= 0 or a positive integer and Re m < 0 ;
and

if 2m = 0 and — k +- 1/2 4= 0.

Now take s so small that undor conditions satisfying (2.4a
we have

Therefore,

(2.5a)

for

q

[2m
[m -

small s

-h 2
- h-

oo

/ ^

2
+-5/2

m- —

l

a, 2 r
+ 5/2' ~"s

s) •

*{t)dt
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The intégral j t—*x(t)dt is convergent, since

oit) = 0(0 (t - o o )

under the same conditions. Therefore the left hand side of (2.5a)
tends to zero as s tends to zero if Ee(y — m — k -+-1/2) > 0, which
we have supposed, is already satisfied.

Similarly, also for small s

(2.56) m — k -+- 5/2 '

oo

under the conditions (2.46) and the intégral j t~lm 2a.(t)dt is con-
vergent since <*(t) = o(ttm'*~i) (̂  -*-oo) under the same conditions.
Therefore the left hand side of (2.56) tends to zero if Be (y -+- m —
— k -4- 1/2) > 0, which, we have supposed, is already satisfied.

Again, similarly for small s

(2.5c) oY-m—
m — k -+- o/2

<
2 log (tjsHt)dt

under the conditions satisfying (2.4c) and the intégral jt"2 log I - )oi(t)dt
J \s/
T

is convergent since a(£) •=. o(tjlog t) (t ~+ oo) under the same con-
ditions. Therefore the left hand side of (2.5c) tends to zero if

— m — k -+- 1/2) >̂ 0, which is already satisfied.
Hence

g Y — m — A — 3 / 8

T

n -h 2, 2
m — A; -+- 5/2 '

tends to zero as s tends to zero under the conditions stated.
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Therefore

503

lim
r 2m

\\m — k -H 3/2)

Since T is arbitrary, we have

—Y

lim
^ ^ 0-t- r(2m

< lim

Also, as before

sY—m—
r(2m H- 1)

(2m
_ fc n_ 3/2)

(2m H- 1)
_V _ / s Y - m - A

1. u. b.

2 , 2

(2m H- l)c rmm+/^i/2-Y 2m -+- 2, 2 n /Al
(m _ h -+- 3/2) J U/ w - As + 5/2 ' ~ sj d U/f

The last intégral equals

j vm 2, 2

which tends to zero as s tends to infinity.

Also, for given T, the intégral

T

r[2m-t-2; 2 ^_
— k -+- 5/2 ' ' s

tends to zero as s tends to infinity if Re (y — m — k — 3/2) < 0,
"which we haye supposed in the theorem.



504 SURESH CHANDRA ARYA

Therefore

l im

or since T is arbitrary, we have

l im

< 1. u. b.

l im

*(*)
—T

- - A
—T

COROLLARY 1. - If fc — m = 1/2 and 2m + l = p, we hare the
following theorem due to WIDDER [4, page 183].

THBORBM B. - If (1.7) converges for s > 0 and
for any constant A

^ p , then

(2.6)

where

l im > — A l im — A

iXp)
^ - r\T)r(p - y + i) "

COROLLART 2. - If k -f- m = 1/2, we have the following theorem.

THEOREM C. - If (1.2) converges for s ^ 0, and if 0 < y < ^ l >
then for any constant A

(2.7)

where

l im < lim

r(r)r(2-Y)

_ ^ L — A

I am indebted to Dr. K. M. SAKSENA for gaidance and help
in the préparation of this paper.
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