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On Bessel polynomials.

Nota di A. K. RasjacorAL (a Bangalore India).

Sunto. - Si oltengono alcuni nuovi risultat: sui polinomi di BESSEL usando
U equazione di TRUESDELL.

Sammary. - Some new resulis are got for BESSEL polynomials by the use
of TRUESDELL’s F-equation.

It is of great interest to note that a particular form of the
BesseL polynomials follow TrursDELL’s F-equation [4]. Though
there has been scores of papers, of late, on this polynomial, this
point appears to have escaped notice. In the present note it is
attempted fto discuss this phase of the problem. Only a few results
are presented here and many more may follow by direct appli-
cation of TRUESDELL’ s general results.

W. A. ArL-SaLaM [2] has given the connection between the
BESSEL polynomials ¥, (2, @, b)) and LAGUERRE polynomials L7
(vide Ref. [2] formula 2.5):

(b/z)n

(—a—2n+1)(h/z) =
) L a2t 0(bje) =

Ya(2, a, b).
From this it follows that, on taking
v—=—2n —a +1, b=1
and by the RopricUr’s formula for y, (¢, a, b)
a\»
(2) L,v(1/2) = (— 1)ellagt-+n—y (%> (e—1/zz—v—1)

a result due fo TRUESDELL [4].
N. OBrecHKOFF [3] in a very interesting preliminary note
mentioned the polynomials

d .\
3) P.(2) = ez (d_z) (ellzz2n).

One immediately sees that this is related to BESSEL polyno-
mials (or LAGUERRE polynomials), with ¢ —=b=2

(4) Y.(22) = (— 1)"p.(— 2).
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With these introductory remarks, we pass on to the main pro-
blem. TRUESDELL’ s [4] list of functions satisfying his F-equation
shows that

(3) F(z, n) =T, 1, (— &)—n-—v—le—1L,»(1/2).

(A misprint in the text is corrected here).
From (1) and (5) it follows that

(6) F(z, n)=z—2n—1—ve—1zy, (bz, 1 — 2n —v, b).

‘We shall henceforward put @ = (I — 2n —v).
Now the characteristic of the F-equation namely

a%F(e, n)=F(z, n+ 1)
in the present case yields an interesting new recurrence relation
(7) 2%z, a, D) — (b — (0 — 22)y. (2, &, b)=bY,4.(2, @ — 2, b).

(In a private communication Prof. CARLITzZ informs me that this
same relation is given by Dr. AL-SAvLAM in a paper to be publi-
shed in the Duke Mathematical Journal).

The generating function for the F-equation is

0 Jn
F@E+h, o) = ZOWF(Z, o+ ).
n= .

Using this we have

' z \e s(zh:h) % h*(b\»
(8) (z+h) e Yu( + B, a, b):az.o—(——) Yn+ol?, @ — 20, b).

2
—ox!\2?

The multiplication theorem [5] for the F-equation states that

fore) (k — 1)»1211,

Fkz, )= X ; F(z, o+ n),
n=0 n:

where k is a scalar parameter such that the right hand side of
the above converges. This gives

(k—1)b
Tz 2 (k—1)*{b\>
9) k2% ¥ y.(ks a, b) = 20(7) <z-2) Yn+a(2, @ — 2a, b).
o=

o !
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Another generating function generated by an integral

OZO F(z, « + n)n" _—_/e""F(z + tw, a)dt
é

n=0

provided the left hand sum converges.
In the present case this gives

r by —bt”T to\a—2
[e a2+ ”’(1 -+ ;) Y.(2 4+ ot, a, b)dt =
(10) i

N b &
= § o (;2> Ynaal2, @ — 20, ).

Taking n# =0, since y,(2, a, b) =1, we get

bh
2 -0 vw % he(b\a
_ 7 2(z+h) __ v
(11) (2’ + h) e —oc>;0 o ! <Z_2> Yal?, & — 2, b)
(k—1)b

2 ks ]g__l)a b\

(12) ko—2 ¥ — al—lo( T (2—2> Y2, & — 2%, b)
hed btw

—_— t a—2 oo
(13) [9 B(E’““’)(l + ;m) dt= 3 owa(b/zi)ﬁya(z, a — 2z, b).
) a=
0

In all the above a = (1 —v).
The F-equation has the following contour integral:

F(y, «)
Y — 2)n+1 dy~

T(n + 1)
Fz, n4o)= —
274 C[(

This gives a contour integral for y,.(z, a, b)

T+ 1)
T

e~y —2yn(by, a, b)
5 a4 dy.

1/z 522—a+2
ere [ (y — 2)2+1

(14) yn4 (b2, & — 20, b) =

Taking # =0 we get (a=1—Vv)

F(O(. + 1) RIS /g—l[yya4- 20 —2

(15) Yalbz, @, b) = Gy j W
C

dy,
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where C is a suitable contour enclosing the point y =z.
The expansion (11) gives another contour integral, for by using
CaucHY’ s theorem we have

tb

_a [ez(z+t) t\a+20—2
) rPEE (1 -+~ ;) dt =
c

ya.(za a, b)y=

I'(x + 1) _b
2n4 (?ﬁ

(16) tb

(1 + 1) 22—2 [ez(z+1)
% %
c

- T b ml— (Z -+ t)a+2“—2dt.

with @ =(1L —v) where C is a suitable contour enclosing the
origin.
The following interesting integral is known for the solution
of the F-equation:
20
[ zetaF (g, a)dz = eloml(c + a -+ 1)f(c)
0
where Re(c+o)> —1, and f(c) is a function of ¢, to be deter-
mined.

In the present case, let us take z, — co so that

[ zot nta—2e—llzy, (bz, a, b)dz = e"mT'(n + ¢ + 1)f(c).
0

Let # =0 and change 2z to 1/z so that

/ e—2g—t—a—2ndy = I'(1 — ¢ — a — 2n) = I'(c + 1)f(c).
0
{ e—bjzgernta—2y, (2 g, byde =
(17) 0

i nemthnicia—1(n + ¢ + 1)
~ Sinn(c + a + 20 (L + o)I(c + a + 2n) "’

This shows that this integral is valid only for (¢ + @) not equal
to zero or integer and Re(c + n) > — 1.
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