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On some pol,y uo ni i al s of Tricomi.

Nota di LÉONARD CARLITZ (Durham, II- S. A.)

Sîmto. - Dalle successioni dei polinomi ln(x)? l^(x) di TRICOMI si deducono
due polinomi ortogonali in (— oo, oo) e si determinano le corrispondenti
funstoni peso.

Summary. - TRICOMI has introduced a set of polynomials ln(x) and a ge-
neralised set l^^(x) which satisfy récurrences of the second order but
are not orthogonal. In this note is shown that certain closely reldted
sets of polynomials are ; orthogonal; moreover, a weight fonction is
obtained in each case.

1. TRICOMI [3] has introduced a set of polynomials

,1.1, w^Hi

which satisfy the récurrence

(1.2) (H -H l)ï„+i(») = nln(x) H- xln(x) ^ 0, Ux) = 1, lx(x) = 0.

It follow& that deg ln(x) = U n L also

As TRICOMI notes, the ln(x) do not form an orthogonal set.
We should like to point out, to begin with, that a closely related

set of polynomials does have the orthogonality property. Indeed
if we put

(1-3) fn(x) - ~ (n + 2)xn+Hn

then fn(x) iö of degree n,
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and (1.2) becom.es

(1.5) fB+1(*) - xfn(x) -+- ̂ - j fH^(x) = 0.

But by a theorem of FAVARÜ [1], (1.5) implies that the polyno-
mials fn(x) form an orthogonal set. We shall show that they belong
to the distribution âW{x\ where W(x) is a step function with
the jump

(1-5) lJ~jr~ a t t h e p 0 i n t ^f* ( i = l , 2, 3,...).

2. We recall [2, p. 125] that

(2.1) j t =

where w = zerz. Now consider

= n\ S
'A P-

= s (-iWn) s

r=i

44,

= — 1 -+- (1

Jt follows that

(2.2) £L-*-m = _±.
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We observe that the series

J r - (n = 1, % 3,...)

converges since by STIRLING's formula

Ueing (1.3), it ie clear that (2.2) becomes

(2-3)

or if we prefer

(2.4) fx%,(»)dV(x) = (> ^ 1 ) t (n

In particular for ^ = 0, (2.4) shows that the total variation of
(x) is equal to 1.

It follows at once from (1.5) and (2.4) that

ƒaP-Vn+iWWi*) =Jx"fn(x)dV{x) - ^ - j ƒ*^Y—ila
— OO OO OO

oo

ƒ xn-%(x)dW(x) = 0

—oo

Now assume

oo

jx»-*°fn(x)dW(x) = 0 (« = 1,..., r ; 2r < »; » = 3, 4, 5,...) ;
— OO

then by (1.5)

oo oo oo

= (xn-*'fn(x)dV(x) - ^ i fxo-t'-'f^W
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Hence we have

oo

(2.5) [x"-*%(x)d*V{x) — 0 (0 < 2r < »).

But in vieir of (1.4)

go that
oo

f2.6) f xn-%(x)dW{x) = 0 (1 < r < »).
—oo

Since the highest coefficient in fn(x) is 1, (2.4) and (2.5) imply

(2.7)

Combining (2.6) and (2.7) we get

(2.8)

so that the polynomials

(n = 0, 1, 2,...)

form an orthonormal set relative to the distribution

3. In the paper referred to, TRICOMI has defined a more gêne-
rai polynomial

so that «„(0) (os) = ln(x) and

(3.2) (* -+- l)4ati - (» + a)4a)(aî) + x#li(as) = 0 ;
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also In (x) is of degree < 5 w . If we now define

(3.3) fi\x) = xn

then (3.2) becomes

(3.4) (H H- l)fnll (*) — (» -H «.)xfln\x) -+• fêl^X) = 0.

It is clear from (3.3) that

(3.5) fn\-x) = (-!)" ft\x).
Since

n

it follows that fn(x) is of degree n provided

(3.6) <x4=0, - 1 , —2, . . . .

Again by PAVARD' S theorem, if a > 0-, il follows from (3.4) that
the polynomials fn (x) form an orthogonal set. We shall show
that they belong to the distribution d^'aix), where ^(sc) is a step
function with the jump

(3.7) ^e-Jl^-l

at the points

(3-8) ± (j -+- a) 2 (j = 0, 1, 2,...).

The condition a > 0 ensures that the jumps (3.7) are non-nega-
tive so that the function Wa(cc) is non-decreasing.

4. In place of (2.1) we shall require

(4.1) 1 -+- I a^n ~H^|n 'Wn = eaz,

^rhere as before w = ze~~z.
If we assume (3.6), then

y=o
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U-r)l

r=o

n fn
S (-1)-

r=Q

Thus for z = 1, Ave get

7=0

r=0 \ r / r -H a ~ a(oc -h 1) ... (a -*-»)'

using (3.3) this becoines

(4.2) |

where (a)P = a(a-f-1)... (a H - r — 1). In terms of the distribution
cV¥a(x), (4.2) becomes

(4.3)

in particular for n = 0, it is evident that the total variation of
x¥(x) is equal to 1.

Next employing (3.4) we get

(n

OU OO

ƒx"-1 fQi(x)dVa{x) = {n -f- a.)fx
nfl^

so that
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The rest of the argument Ls now exactly like tliat of § 2; yre
find that

= ± ~ 8

Thus the polynomials

( w ! a -H

form an orthonormal set relative to the distribution d*"a(ac).
The formula (4.4) with the usual conditions on the function

Wa(a?) require that a ̂ > 0. If however ^ve assume only that (3.6)
holds, then we can restate the resuit in the following form.

-r*)i
, ^ U -+• ̂ V'""1 _ 1 a

j ! w ! a -f- w m n *

Mofce that when a = — k/2, where k is an odd positive integer.
ihen certain points (3.8) are counted twice in the sum (4.5).
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