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Integrals involving products of E-funetions, Bessel-functions
and generalized hypergeometric functions.

Nota di F. M. RacAB (al Cairo - Bgitto)

Sunto. - Gli integrali infiniti menzionati nel titolo sono calcolati per mezzo
di funzions B e di funzioni ipergeometriche generalizzate i cui sviluppi
astntotici sono noti. Vengono anche calcolati molti integrali per meezo
d¢ prodotti di funzioni di Bessel

AR

Summary. - The infinite integrals mentioned in the title are evaluated in
terms of E-functions and generalized hypergeometric functions whose
asymptotic expansions. are known. Also many integrals are evaluated

in terms of products of Bessel functions
4

AR

1. - Introductory: In § 2 the following formula will be
established. .
If when p>=qg+ 1, I=m+1, Rlo, +k) >0, r=1, 2, 3,..., p,
R28, — k) >0,t1=1,2 3,..., l and |ampz| <,
oo
[“"E(p; %1 q; P; NE(; B2 m; o, 2 2/M)d)
0
— 9%t ot tap—p—pr—we—pgtq—p—1 ﬂ_%(q—P——l)

1 1 1 1
1 1 é“l”"?émﬂ) :2"(“1'*‘1)"-" Q(“n“‘_l)’
X | n? cosec (éwk)z?kE 1 11 1 1
20 1—§ka QP“'-" §Pq’ Q(Pl"*‘l);"'y

1 1
By gy B 5 B e

1 1 1
§(94+1): cl—ék’"-’ Gm_ék

+ 7t sec (% -rrk) 2?’—4—‘2% k— %

1 1 1 1
s+ 1), 0, 50 + 1), 5(x, + 2), vy 5%, + 2),
P 2 2 2 2\VF
>898 3 k1 1 1
313 3> §(Pl+1):'"7 Q(Pq+1)’§(91+2)a‘";
1 1 1 1
pl—§k+§,..., p;—§k+§:4l+q-Pz

1 1, 1 1.1
Q(Pq"‘z)a Gl—ék-i—;é,..., O'M—--é(k-}— 5
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— 2= cosec (rk) - 2rh—2k—k

1 1 1 1
Q(Ic+al), ...,é(k—i—ocp), Q(k +oc,+1),...,§(k+ocp+ 1),

1 1 1, 1 1 1
1+§k7 §+ ékf Q(Pl“'k)’ é(?q""k): Q(Px + k + 1),

>

1y ey B4t
1 y - (1)
5 (pg+k+1),0,,...,0,

For other values of p, g, I, m the result holds if the integral is
convergent.

In § 3, many particular cases of formula (1) will be considered.

The following formulae will be required in the proof.

1
If p=>q+1, R<k+ §°‘r>>0v r=1, 2, 3,.., p, |lampz | <,

[ee]
fe—lkk—‘E(p; % q; LiaVNdr
P .
— 9mtoat e tap—p—pr—.—pgtq—p | W%(q-v—p-—-l)
1

1 1 1
®yseens é‘xm Q(“l + 1), .., é(“p"‘ 1): 4iva—rg?

X | =)L (1 — E)E i 1 1 1 1
3 1—k, QPU-" ’ é?q: Q(Pl+ 1), .., Q(P‘?-’—l)

P PR

1 1 1 1 o
g Q(«l “+ 1), ..., 5 (%y + 1), é(a, + 2), ..., ‘2'(«” + 2): 41*9-rgy (
xE)3 3 1 1 1 1
[ 2 b 5+ 1 5o+ 1) 562, 5600+2) |
1 1
+ D(— BI(L + k)T (g — k) 1‘(§ + k) (47— /a2y
1

1 1 1
5%+ E, .., 5% + k, Q(“x‘*'l)‘*‘k’ s é(ot,,-i—l)—kk: qr+a—ry?
1 1 1 1 1
1+ k_,é -+ k’§ py+ ky .y 5P + k, §(pl+1)+k, s §(9q+1)+k)
y o (2)
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For other values of p, g, the formula holds if the integral is
convergent, [I].

If R(xpy,) >0,

e o]

fe—M“a’"“_ E(p; o0 q; p.2/ujdu=E(p +1; «,:q;.0,:2), ... (3)
0
(see [2] p. 384 ex 106);

1
o1 [ E s 5t =B (i 5,10+ 1 605 @)

where the contour starts at —oco on the {— axis, passes positively
round the origin and returns to — oo on the { — axis, the initial
value of amp { being — =, (see [2] p. 394 ex 105).

2. - Proof of the formula: In formula (2), replace X by 2?/z?

1. : .
and then replace k. by Qk and z by V(2), so obtaining

o0
f”"E(p; . q; o0t NE( 11 2A%)d)
0 .
—9outatata—p—p—a—ptg—p—1, 7;%('1—-17—1)
1 1 1
1 15 S éa’u g Ly s 2(OL +1) .y 2(oc +1): 4r1+a9—py »
> | =? cosec(avrk)zz E 1 1 L "

2 ( 5 1— k&, 5 P15 s 5Pas é(p,-{—l), vy é(pq-o—l)

ip-4

1
+ n* sec (z-nk)zz 2

(1 1 1 1
| 56+ 1) 5l + 1), o+ 2y (0 4 2 4‘+9—Fz(
=< B
33 1. 1 1 1 1
2éaé_"k;§(91+1)a"’-§(9q+1)'§(91+2):"-: Q(Pq+2)s

— 2x? cosec (wk)2rr—a—D

1
o, +k-+1),.., (pq+k+1)

- (4),
where p=q+1, Bz, +k) >0,r=1,23,.., p and |ampz| <.

1
+ k (Px".‘k)w-y Pq+k)2(

o

35
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This is a particular case of formula (1). In fact it is formula (1)
with I=m = 0. On replacing z by #/u and applying formula (3)
repeatedly; and then replacing z by {z and applying formula (4)
repeatedly; the general case can be deduced.

3.. - Applications: We are now in a position to evaluate a
large number of infinite integrals by means of (1). These integrals
involves products of BEssEL functions, confluent hypergeometric
functions. For the definitions and properties for the FE-functions
see [2] p. 352.

In (1) take p=q=101=wm = 0, then it becomes

[ee]

/exp f— Xz — 1A X—1dh =
1
ét‘(lk)zékoﬁ’z(; 5 1 —3k; —1/4z)

1 1. 1\ 4, 1 338 1
—ér(ék—;é)Z? 20F2<,§,§—§k,~1/42)

g

because if p<_gq
1
T(x,) ... D{y) By ooy %y}
E(p; a.iq; poie)= g~ Bl VT 2 y o (6).
(p; ®.0q;5 pei2) I(p,) . T(pg) 7" ¢ (6)
19 00y Pq
. 1 1
In (1) take p=1=2, g=m =0 with BN, UG =50,
1 1 ‘
Bi=g5+m, ﬁzzé—m; replace A and z by 2) and 8z; then from
1 1
the formula cosnrE <§ +n, 5—n o 22) =V@r2)eK (2); , ... (7),
(see [2] p. 351), it follows that if
1
R(1 %= 2m — k) > 0, R<k+§in)>0, |ampz| <=
oo

/ exp (0 + sAIF T F K, 0K, (/) dh =
0
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i

i 1,.
22¥=3(\/z)=! cos nx cos mn - 22F 2

IE TN VO S VO DN DN SOUURE B -
g*ta™mgtagmg—gm g agMm g tmTgh gmo gk
XE} ) lk
4’ 2
-+ 2§"_‘§’7r_%cos NT CO8 T » z%"__l
3 1 5 1 3 1 b 1 1 1
s;+§n,1+§n,4 § :1 27@,1+m—§k,1—m——§k:2z
122272
——2_211_%(:08%7!008'”1/7:-,2_%
1 1. 1 1. 1 1 1. 3 1 1
1+§n+§k,4+2n+2k,4 2n+—k,1 én—i—ék,
<X B
1.1 1
(1+§"zé+§’°
1 1
g+m, 3—m 22)
s o (8)
. 1 1
In (1) take p =2, ¢ =0, N TG My Ay =y — N replace A and

z by 2\ and 4z, then from (7) and the formula

1 1
E(é— A ::z‘)=
1 1 ,
r(é— K +'m’> r(é — K — m) e 63" Wit me(2) o (9,
®

j exp ()\ 42 5yt ))\k+2k'——§K (I\)Wk m ()\2) ar —
4]

1
cos (nx) cosee (é wk)

1 1
52 - ’ ’ o i__ ’
2/1‘(2 k+m)I‘(2 k m)

1
oa B
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‘1420 8420 1—2083—20 1 _, , 1 1 1
V) 1 . 4 ,é-k+m—§k,§—-k—m—‘2k,z2
< B 1 ) 1k
2 "2

_cos (nT) sec (é ‘nk)
1

: 1 z2
9521 (§ — K+ m) r (‘ — K — m)

i i-
_k_E_'_k/

4
2

34+2n 54+2n 3 -2n 5-2n , , 1. , , 1
; 7 B Ry ,1—k+m—§k,1——k—m—élg.z)

‘ §
cos (nx) - cosec (nk)

P ZI'C’

2820(1 — k' + m')T (% — kK — m’)

><E§
2

|
DO -

1+20n+2k 3+2n+2k 1 —20n+2Fk 3 —2n+2k
FE T i i

K, k

x< E

1+ -+

[

DO} =
DO| =

) (10);

1
where R(k+§-_*-n)>0, R(1 — 2k =2m' — k) >0, |amp 2| <.

Again in (1) take I =m = 0; then from (9); if
1
R(Ic-]- §—k':!:m)>0
and x is real and positive

Q
exp (% - x"/90) NE—l =1 Wi, (M)A =

t
2—2k'—2p 3 1,
2

X

1 : 1
I‘(——k’+m’)l"<§—k'—— m’)sin%nk
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[ 1 ' 1 1, .
s 01— 2K + 2m), 7(1— 2k —2m), ; (8 — 2 -+ 2m),

><E(1 .
2 T2
1 , P
-4
2-—21{:'—211: ? 4, 4
i 1 TR
l‘(é—k +m)I‘(§—k——m)sm§1tk
1 1 1 o ,
s 28— 2K + 2m), (5 — 2K’ + 2m'), 7 (8 — 2 — 2m),
x<Eys 3 1.
233k

. A
46— 2K —2m): z

i
9—2ktk—lyy

!
F(émk'—f-m’)l"(%—k’—m’)sinwk

;1—2k'+ 2m' +2k 3 —2k +2m'+2k 1—2k'— 2m' + 2k
) 4 b 4

3—2k —2m'+2k =«
4 "4

|

o (L1).
In (1) take p—=q=1l=m=1, then from (6), it follows that
if Rk +«)>0, R(28 —k)>0 and « is real and positive

o g
s e —imEes o v =2 SR

.0
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i
> =
1 Dpls -2
0(3e)r(ge +o) (- —3)

1 1 1 L

3% 3%ty P gk —1/ke
><3F5 1 1 1 1 1

2: =gk ghgp+g. o —gk

Ch N 1A 1 1

14 1
1 1\ 1 o
t(ge+ )+ 1)r(z+o—¥)
1 1t 1 1
3%¢+g5 gx+ 1 g+ —3k —1/4x
“oflg 3 11 11 1 Sk
23" akbgrty grrlgro—g
N TS T NS U TA TN U T |
r(—g#)r(g—g#) (3= 24T gx +ak+g)re
+
1 1y 11
r(ge+gk)r (3o 3k +)TO

L o1t 1, 1
§m+§k,§m+2k+§,p5—1/4x

X I o

prk prkrdf) o

1.1 1
1+§k,"+§k’ BT 2

In (1) take p=2, g=1 and Il =m =1; then if Rk + «,)> 0,
R(k+o)>0, R(28—Fk) >0 and z—=x where « is real and positive
.mv
/)"‘—'F(“n %5 5 —YNFB; o5 — V/a)dh =
¢

Quta—p—2 - —1, T(p)T()
F(o,)l (o) T(B)

\ 1
2Pfa1—az+1,tp(al)F(a,)F (p - é k) r (—2— k) i
X ; x'g ’

F(p)F(G—%k)
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T 1 11 11 1 1
2% gttt g g%ty g% Pk — 4
X sFsl 1.1 1 1
53> 1—3k 5p5p+35, ©
gp—m—artlop(y 4 1T (e, + 1)0 ({i +% — %k) r (; k— %) e
— 1 1 x2 2
%al—f—%,2al+1,2a2+%,%u2+1,%-&—,B—Qk;—1/:1;
<sFslg 3 1.1 11 1 1
303 gkgP g aerlgto—shk

2o a4+ e -+ )BT (= )T (5 — )
+ T(p + k)L(s)

1 1.1 1 11 1.1 1 1
. éocl—r—ék,§0€1+-2-k+§,§0!.,+§k,§a2+§k1—§,ﬁ; —1jx
> sy L.t 1.1 1.1 1. 1
1+§k,§+§k,§p+§k, §p+§k+§, [

y e (13).

4. - Two formulae: The following two formnlae will be

established.
If when p=qg+1, R« +k>0, r=1,2 3,..., p, Rle)>0,

s=1,2 3,.., q |ampz| <= Rk > — 1.

q} 5
fren(y s
i kE+1, Prs s Po

11 1 1. 1 2 .
k+ é’ §(91+ k), ey é(pq—f— k), é(pl-i—k -+ 1), ,g(pq-F k—f—l): i }
> B ' : 5d)\

1 1 1 1
—é(m,—k— k), ..., Q(oc,, + k), Q(al +k+1),.., é(m,,—i—k-%—l)

— 2a1+acz+ oo -0 —pr—pa— e Pgtq—p—F+1 ﬂ—;—(q—p-}—l)z%k
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A NA et PAN et BT

For other values of p, g, the formula holds provided that the

integral is convergent.
If when p>=>q+ 1, R(k+« —1)>0 r=1,2 3, .., p,
R(p)>0, t=1,2,3, ..., q, Bk)>2, and |ampz| < =;

@

[)\""’E( ®Xyy e s oc,,;)\)
§ E+1, py,., pg

11 1 L ! g
k+§,ym+k—unw§M+k—4%yﬁ+”“”§@“*ﬁﬁ)

=< E 1 1 1 1 dx
t é (OCI—I— k— 1), veey é (O(.p—i—k — 1), é (xl -+ k), cery 5(0(,, +k) S
— gatart w Fap—pr—pr— o —p P —RH1 G (q—p+1) | 3h—
o 4r+r—q 4 41tpr—ay ]
XJ""[V? P HK,_,“/; z % o (1)

For other values of p and ¢, the formula holds provided that

the integral is convergent.
These two formulae will give some particular cases which

will be considered in § 5.
Proof of the formulae: To prove (14); take in (1) I=2gq,

1
m =2p, with pg11=Fk + 1 and BP+1:k+§, then if R(k) > — 1

and R, +k)>0, r=1,2 3,..,p Re)>0, t=1,23 .., ¢
and |ampz|<7w, p=g-+1

o o]

’ o Ly %y T A
)\k—lE< 1y ey Fpoo )
f ' k+17 Pis woy Pq
0
11 1 1 1 2
g k+‘2‘, §(91+k)a ---»§(9q+k)’§(9x+k+1)? 5§(Pq+k* 1): )TQ)
< E 1 1 1 1 dr

l é(a,+k), ...,‘é(ocp+k),§(rx,+k+1), ...,é(oc,,,+k+1)5

— 211+@-|— et ap—pr—pr— e —pq+q—p—1 . Tté (g—p)
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1
T:EI‘(—I(:)
2 1 1 1 p—q—2
> i z%koFs(; 3¢ 1—§k, 1 +—2-k; —-—4 )
r(1 2Ic) ; 2
“%r(%k 1) 338 1.3 1 4r—a=t
A 1 —a-
Bt L ”oFﬂ(’ 333k gtk ——; )
2+*3
. 1 1 1
[(_ék)r<§_§k) . 11 1 gr—a—t
F(l + I{J) (2 ) 0F3(> l+§k,§+§k, 1+k. -— p )
by (6),
— 2¢1+ag+ ...+ap—91—pg—... —pq—{—q—p-—k+1 . n—;—(q—pa}-l) -Z%
4 4

nVIEHm V==

Thus (14) is proved. The proof of (15) can be deduced from (1)
as (14).

5. - Particular cases: In (14), take p=q=0; then from
the formula

B(im+1:8)=22"7,2/Va) . (16),

if R(1+k)>0 and |ampz|<m;

2
r 2 A2
Sp—1 k-t
'[)\2 Jk(\/,)\)(1+;) 2d\ =
]

4

P LG L) S

which is in WarsoN’s book [3] p. 435 formula (5).
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Also, (15) gives when p =q =0, |ampz| <=, R/k) > é,

@e]

2 A2
/)\%k_le (W) (1 -+ ;)_k_%d)\ —

0

4 4

—;(ff%)—f*’mW(z) kY@ o

2

In (14), write « for 2z where x is real and positive, take p —=3
with o, =k + 1; then if

1
Rl + %) >0, Ry +k)>0, Bk)>—;
0‘0 1 1 1
[, w0 B gl B g+ B, 5+ R ),
0

%(Mz—l—k—f—l), E+1; —g%d)\
. 41256 Y1256
= 30+ B, Bret ke |/ ()| [ (5] - 0

In (15), write « for # where x is real and positivé, take p —3
. ' 1
will oy =k + 1; then if R(x, + k) > 1, |R(x, + k) > 1, Rk) >6
QQ

1 . 1 1
[)\A_QE(OL)’ %y 11 A) o By 32'(“1 +k—1), Q(“z"‘k_ 1), é(“l + k),
0

1 2
s+ B, b =l

-t h it e [ 2 )

1
In (19), write (21) for A and take 0 =g+ M ocgzé—'n' then

1
from (7) il R(k)>—%, R(k+—§:tn>>0,
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vVCD

[re-temo

0

1/1 1/3 1
X0F53§(§+%+k),§(§+%+k), ,§ z

1

2

i3
= 2’\” cos(nn)[‘(%+n + lc)l‘(1 —n - k)r(1+k)x%"

2

AEE]

1 1
In (20), write 21 for A and take «, =5+ mn G=5—n; then

from (7); if R(k+%in)> 1, R(lc)>(1i
[e o]

f A3 KL ()

(=4

— 27 %% cos (mr)I‘(k + 0 — %) r (k —n — %) V()%
(256 7 (266
<) (5) Jen Y (55 - @B
1 1
In (19), take «, — 5 E+wm, o= 5— k' — m'; then from (9)

1 1
té-—-k'im’+k >0, R)>—3

[ee]
f)\k—k/—l e% X Wkl, m’()‘)
3 .
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1—2k+2m'+2k 1 —2k'—2m'+2k 3 —2K'+2m' + 2k
XOF5§; 4 b 4 b 4 b
—_— I_ ’ )\2
3—2k 2m+2k,k+1;—~id)\
4 x
1 1 .
Q- (5 — kK +~m' + kT ——k’—m’+k)
2 2 1
e X2

1 ’ ’ 1 ’ 1
F(é——k +m)l"(§—k —m)
4. 4

<[] e

’

1
In (20), take a‘=%——k'+m', x,:Q—Ic'—m; then if

R(kim';k'_%)>o, Ril)>

6 2
(9) gives
[se]
f V2030 Wi i(h)
0
2k +2m’ —2k' —1 2k—2m' —2k'—1. 2k+2m’ —2K + 1
x 0F5 5 3 I ’
4 4 4
5 . r_ ’ ?
2k — 2m’' — 2k +1’ k: _}) a
4 x

1
23"“1‘<k+m'—k’—- )I‘(k—m'—k——l)
2 2) 141

= ‘ 1 ’ !’ 1 ’ ’
I’<§—k +m>F(§—k —m)
4 4

S [ | S T

In (14), take p — 1 with o, =«, ¢q=0; then if 2 =2, where x

a2 2

is real and positive, R(k) > ——-21~, R« — k)>%,

[s)

—1 1 1.1 1
/)\"“,Fl(a;k+1;T>IF2(k+§;§x+§k, 5%+ 35 35 —
0

i
__2nnin( 4 k)Il‘(oz+ L { ‘7
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In (15), write « for z where x is real and positive, take p =1

1
with «, =« and p=0; then if R(k)>%, Ra—k)>5, Bx+k)>1,

- 1
© 1 kE+5; — N
r—2 % =y = A —
./l ‘F’( )‘F’ | 1 11 1 dh =
0 E+1 —O(+)k 5 §a+§k

212y (1 ;:)II:(Z,; k% )— 1) ikt . W(l—f)] K, h/ (1_;’)] ... (26).

1
In (14), take p=qg=1; then if R(k) > —5, R(p)>0, R« + k)>0,,

1
RBE+p—a)>— 5 and x is real and positive,

11
oo —1p k+2,2p+ k,2p+2k+— ~)\’/oc
Na—1 A
f F(1+k, p)F’ 1 11c 1 11{: 1 d
0 2“—*—:2‘ y gd-{’é +§

_2’—"1:2F(7c+11)1“(a+k (6) ‘kJ"W( }&W(;)], .o,

INCI N ( )I‘(p + k)

1
n (15), take p—=¢q =1; then if R(Ic)>6, R(p) >0, Rk+o)>1,

3
BBk +0—a)> 5 and z is real and positve

11 L 11 1 2
/;ok_zF(O(, —1/)\>F k—{—ﬁ,ép—’—ék-—é,ép—{-ék,—)\/x o
k+1,p 2 } lk 11 1k
’ g% tgh—3g, 5g*+35

4

_ 2'—kmr<k + (e + & — I)F(p} Lt ;- [l /( )] - h/(é)]

(o)l (k+ 1)r(a+ k—1) z
, .. (28).
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In (14), take p=2, p=10; then if x is real and positive

1
B(x, -+ k)>0, R(e, +k) >0, Bk)> —3

© 10
A—1 F %y, %py
f)‘ =1 (k +1 )
0

1
Ic+§; — Az

1 1.1 1. 11 koo &
§m1+§k,~a,+§k+;§,§a2+§,—2+§+

/

F, a

L
3

4

T e l) VG

Similary (15) with p =2, ¢ =0, gives if x is real and positive,
1
R(x, +k)>1, R, +k)>1, R} > 6

- 1)
h—2 Xyy %g5 —
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In (14), take p =2, g =1, and get
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1
where R(k)> —5 Rp)>0, Rk +o,)>0, Bk + «,)>0, and x
is real and positive.
In (15), take p =2, ¢ =1, and get
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1
where R(})> 59 R)>0, B, +k>1, R,+k>1 and « is

real and positive.
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