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À g-analog of a formula of Toscano.

Nota di W. A. AL-SALAM e L. CARLITZ (a Durham TJ. S. A.)

Suato. • Si ottiene una formula, analoga ad un3 altra relativa ai poU-
nomi di HERMITE stabilita da TOSCANO [4], nel caso di q-polinomi.

Nnmmary. - The paper contains a q-analog of a formula for HERMITK
polynomials recently proved by TOSCANO [4].

TOSCAN o [4, formula (12)] has proved the interesting identity

__ {2m) ! (n —m) ! » (k —

m

where Hn{x) is the HEBMITE polynomial defined by

The polynomial [2]

(2) Hn(x, q)=ï^x%

where

has properties analogoiis to those of the HERMITE polynomials.
the present note we show that

(4) S ( - 1)- \J
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where

(«)„ = (1 - «Kl - S*) - (!• - 2'")= (8)o = li

(o)M = (1 - a)(l - aq)... (1 - ag"- 1 ) , (a)0 = 1.

To prove (4), we shall make use of the identities [2, formulas
(1.7), (1.8)]

a+M q)=
min. (m, «)

min {m, n) ['
(g)r»

rlirfM4.w_îf.(a;, g),

V

Thus

_> , g) - S
W 7 '] P 7

— r ~ si [n — si, ^ ii

-i-fa q) =

j[ . j[ .
so that

(5) S
— r

the sum on the extreme right is equal to

(g)w_m

2 m
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|r(2m-r-f H

/m \*1 J

__ -,„<„_, .

we have used the following formula of JACKSON [3, for-
mula (2)]:

r=0 l t r

Thus the right member of (5) becomes

<7) j ^ _ S xhH\-k(x, q)

. S (—1 ~s] (gW"
J IL 3 J(3),-m(«)«-. («)»+,„-,

The inner sum on tlie riglit of (7) is equal to

_ g-m*
. » » - l l («)«(«)—*'

Tiy tke g-analog of G-ATJSS' Theorem [1, p. 68].
Thus (7) becomes

\-h(x, g)

-substituting in the right number of (5), it is clear that we have
jproved (4).

If we define Gjx, q) hj means of



A g-ANALOG OF A FORMULA OF TOSCANO 417

then corresponding to (4) we get

<8) 2 ( - 1)- \Jm 1 ̂ r " - 1 ) G.+r(*, g) GB_r(x, a) =

_ m (g)»-ta).-,, s , 1Vk I * - 1 1 i *<*+i-a»)^ g'—»(g, g)

In particular for m = 1, (4) and (8) become

(9) fl.'(«, g) - H„+1(x, q)H„_fy, q) =

(10) Gn>(z, q) - Gn + 1(x, q)

= g - d - » - 5 (-1)^^(

fc = l

respectiyely, while for m = n we get

Jj - iy _! r

( - l ) ' l n
2 M J g ^ - 1 ' G,,+1(x. g)&„_>, g) =

It is not difficult to verify (9) and (10) directly nsing the
récurrences satisfied by H„(x, q) and Gfl{x, #)•
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