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On the Bessel Polynomials.

Nota di WALEED A. AL-SALAM (Durham, U. S. A.)

Suoto. - We dérive a formula for the product of two consécutive BESSEL
polynomials, We use this relation to characterize those polynomials.

KRALL and FUTNK (*) defined the BESSEL. polynomials yjoc) as
the solution of the differential équation

(1) * ~dP+{2x + 2) dJÉr=n(n H-i)y{x) (n' i u t e g e r )
which has the value t at œ = 0. They gave among other results

(3) x'yJix) = (nx - l)yn(x) -+- yH-i(x)

(4) as^^-^ac) = »n(x) — (nx -+- l ) ^ - , ^ ) -

They remark that the second solution of (1) is e2lxy,,(— x).

In this note we give récurrence relations for the second solution
oorresponding to (3) and (4), we shall dérive a formula for the
product of two consécutive polinomials and a corresponding one
for the second solution, and finally give a characterization of these
polynomials based on this formula.

If we multiply (3) by yn-x(x) and (4) by y,,(x) and theu add the
two équations we get our first resuit

Consider now the function qn(x) = (—l)7!e2/a32/«(—x) which is a

(*) H. L. KRALL and O. FRINK, A nevo class of orthogonal polynomials,
the Bessel polynomials. Trans. Am. Math. Soc. Vol. 65, (1949), pp. 100-115.
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second solution of (1). Differentianting q„(x) and applying (3) we
find

(3') xqH'(x) = (nx - \)qn{x) •+• «„_,(*).

Si m il ar ly

(4') xq'n^{x) = qu(x) - (nx •+- l)?—^)

We find from (3') aud (4') a similar relation to (5)

(5') x* ~x [«..(^„-.(a)] = [«.(*) - a.,-,!*)]1

We now give a characterization of the BESSEL polynoniials.
We prove the following theorem.

THEOREM. - Given a séquence of polynomials \ fn(x) i where
deg fa = n and f0 x) = 1, then f,.(x) = yn(x) «ƒ and only if

(6) a:s^Lr„/-.,_1] = [/-„ -ƒ„_ , ] • .

PROOF. - We first remark that (6) and the condition f0 = 1
iraply that the constant term in every f„ is 1. We also remark
that the coefficient of highest power of x in the polynotnial fn(x)

(2n)!
satisfying (6) must necessarily be — ^ .

Let f^x) = aœ -*- 1 and substitute in (6) getting œ'a = a?œ .̂ Hence
ƒ,(«;) = œ H- 1 =: y(x). Therefore the theorem is true for n-=1.

Now assume the theorem true for all n up to k — 1. We assert
that it is true for n = h. For otherwise Iet fh(x) = yh(x) -+- rv(x)
where w[x) = c^'" -+- CJJÛC1"1 -H ... , r < fc. From (6)

xZ è ̂ * - i = * ' â fr-*1+els [A-W] = î -« - »• - «r
Avhich according to the indactive hypothesis becomes

x* dx [^*"lWl = w ?

Equating coefficients of highest power of x on both sides of the
équation, we get in case r — h, clz=0. Iu case r < k, we get

o r r = Sk~
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which is a contradiction. Hence the theorem is established.

. - Given a séquence of functions j ƒ„(#) I where
fn(x) = e2lxv,,(x) and vtl(x) is a polynomial of degree n and vo(x) = 1
and such that

(7) x~x(U^x) = (fn-fn^Y

then vn(x) = {— l ) "y H ( - x).

PROOF. - From (7) we find x1 j ^ (v,^-,) ~ (vn{x) -4- vn-x(x))\

JVIultiplying through by (— l)2""1 and change x to — x we find

x £ [ ( - l)nvH{- x). ( - ly-'v^i- x)] =

= [ ( - 1)««,H(- «) - (-1)"-1^-,)]3 .

And hence by the previous theorem since v0 = 1 we have

(— 1)"«H(— *) = ».(«) or v„(x)=(-yyn(-x).

COEOLLARY. - Given a séquence of functions | fv(x) \ where
fn(x) = (— l)Il^x)yll(— ») and satisfying

(8) x*£x (/•„ƒ_,) = (fn-fu^r

then 0(<c) = Ce2/̂ .

PROOF. - Substituting for ƒ„ in (8) we get after réduction

y ( ) [ ( ) ^ )] Z2()'()( ) A )

Bat from the theorem above

Hence —2x*g{x)g'(x) = 4̂ ?(œ), whose solution is g(x) =


