BOLLETTINO
UNIONE MATEMATICA ITALIANA

AUREL WINTNER

On stable oscillations of high frequency.

Bollettino dell’Unione Matematica Italiana, Serie 3, Vol. 12
(1957), n.1, p. 9-11.

Zanichelli

<http://www.bdim.eu/item?id=BUMI_1957_3_12_1_9_0>

L’utilizzo e la stampa di questo documento digitale é consentito liberamen-
te per motivi di ricerca e studio. Non é consentito 1'utilizzo dello stesso per
motivi commerciali. Tutte le copie di questo documento devono riportare
questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=BUMI_1957_3_12_1_9_0
http://www.bdim.eu/

Bollettino dell’Unione Matematica Italiana, Zanichelli, 1957.



On stable oscillations of high frequency.
Nota di AureEL WiNTNER (Baltimore, U. S. A\

sunto. - It is well-known that if a continuwous function, w(t), defined for
large positive t, tends to oo as t — oo, then all solutions of d*x/dt*—+
+ w!(tix =0 stay bounded as t — oo, provided that o(t) is monotone.
This is not in general true if the latter proviso is omitied. The purpose
of this note is the specification of suck perturbations of the monotone
behavior of wit) as are « small » enough to preserve the boundedness of
all solutions when w(oo)= oo,

Let » = o(f) be a function which is continuous for 0 < i < oo,
and let the corresponding differential equation

(1) A2} At + ot = 0

be called stable if every solution x = a(f) is O(1) as { — co. It is
well-known (cf., e. g, [2], pp. 28-29) that if o(f) is non-decreasing
and- has a positive lower bound, then, with reference to any
real-valued, non-trivial (3= 0) solution «(t) of (1), the local maxima
of | x(f)| form a non-increasing sequence. In particular, (1) will
be stable if dw(f) >0 and

(2 () —~oco as - oo,

In certain applications, it was often considered evident that
{2) alone (that is, without dw(f) = 0) will suffice. But it was shown
in [4] that this stability criterion is false. Thus there arises the
need for the specification of such perturbations of the monotone
behavior of w(f) as are «small» enough to preserve the stability
of (1) when (2) is satisfied. Such a criterion will be obtained in
what follows.

In order to be able to speak of the two f-ranges (dw(f) > 0),
(dw(t) < 0), suppose, for instance, that u(f) has only a finite number,
N==N(T), of local minima on every finite interval 0 <t < T < co.
Then N(T) — oo as T —- oo, except in the classical case of ultimate
monotony, referred to above, a case of assured stability. Except
in this case, it follows from (2) that the half-line 0 << ¢ < oo con-
sists of an infinite sequence of closed {¢-intervals @,, @,,... and
of a complementary infinite sequence of open intervals R, RZ,...
having the property that dw(f) >0 or do(f) <0 holds according
as ¢ is in @ or in R, where Q=X @, and R=23R,.



10 AUREL WINTNER

It will be proved that (1) must be stable if, besides (2),

3) [1d10g 0(t)| <o
E

holds. Actually, the assumption (2) will not be needed in the form
in which it stands, since, the portion R of the half-line 0 i <<oo
having been taken care of by (3), it will be sufficient to assume
that w(f) — co holds when ¢ tends to co on the portion @ of the
half-line @ + R (provided that o(f) is positive throughout). The
standard criterion, according to which (1) must be stable if w(f) is
monotone, will not be assumed; it will appear as a corollary,
since (3) is satisfied if R is vacuous.

Suppose that w(f) is positive on @ + R and satisfies (2) and (3)
on @ and on R respectively. In order to prove that (1) is stable
in this case, use will be made of that change of the independent
(but not of the dependent) variable which occurs in LiouvIiLLE’s
substitution (cf., e. g., [2], pp. 68-70). This means that ¢ will be
replaced by s, where ds=uwu(f)dt. This s =s(f) is increasing with ¢,
since o(t) > 0. Hence s tends, as { — oo, either to a limit s(co) <o
or t0 s(oco) = co. It can be assumed that s(co) == co, since it will
be clear that there is no problem if s(co) << oo.

If a prime denotes differentiation with respect to s, then
substitution of ds = w(f)dt in (1) and division of the result by
o(t) > 0 transform (1) into

4) x +o(s)x’ +x =0,

where o(s) is the function which results if dlog w*(#)/dt is thought
of as expressed as a function of s. Thus it is clear from the defi-
nition of R that the assumption (3) is equivalent to

Y]

(5) f— —()ds < oo, (¢ <0)

where ¢—(s) denotes o(s) or 0 according as ¢(s) <0 or o¢(s)> 0.
Accordingly, the assertion, to be proved, is that all solutions x(s)
of (4) stay bounded as s — oc if (§) is satisfied by «(s). Actually,
not only «(s) = O(1) but also «'(s) = O(1) (that is, x({) = O(1) and
dx(t)] dt = O(w(t)), where ¢ — oo) will follow.

Consider the following pair of (binary) vectorial differential
systems of first order:

o (7 =(5 G e (=01 96)
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Clearly, (6a) is equivalent to (4), and (6b) to the case ¢ =0 of (4).
Let A= A(s) and B=const. denote the coefficient matrices of (6a)
and (6b) respectively, define the matrix C= C(s) by placing

(1) C=X'(B—A)X, where X=X(s) :( coss st s) ,

— sin s cos 8

and refer by (C) to the binary differential system which belongs to
the matrix C(s) in the same way as the matrix A(s) belongs fo (6a).

If the definition (7) of C(s) is compared with LAGRANGE's ge-
neral rule, concerning the «variation of constants» in homogeneous
linear systems, then it is seen that both components of every
solution vector of (6a) will stay bounded as s— oo if (and only if)
the same is true of all solutions of (C). Hence. what must be
ascertained is that this will be the case whenever ¢(s) is subject
to (5).

Since 4 — A(s) and B — const. are the coefficient matrices of
{6a) and (6b) respectively, B — A is the diagonal matrix the dia-
gonal elements of which are 0 and — 9. It follows therefore from
(7) that, X = X(s) being an orthogonal matrix, C = C(s) is a sym-
metric matrix the eigenvalues of which are 0 and — o(s). Hence,
if ©=(s) is defined as above, and if C(%, #) denotes the quadratic
form belonging to C(s) (at a fixed s), then C,E, 4) < — 9—(s) holds
whenever £+ n*=1. Since the (non~negative) upper bound — o=(s)
of the form C, (rot of the absolute value of C,) is supposed to
satisfy (5), the boundedness (as s — oo) of both components of
every solution vector of (C) now follows from the general crite-
rion of [3], p. 558.

RemaRK. - It was not used at all that o(f) satisfies (2) on @
(that is, on the complement of the set E). In fact, the proof would
have remained unaltered if w(f) would have been assumed to
tend, on @, to a finite positive limit, instead of to oo. But since
(3) is assumed for the complement (= R) of @, all that can be
obtained in this case is contained in a result of Oscoop ([1];
cf. [2], p. 29).
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