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On Laguerre and Jacobi polynomials*

Nota di LÉONARD CARLITZ (Durham, IL S. A.)

Santo. - Using an expansion o f BATEMAN' S, a number o f identifies
involving the LAGUERRE and JACOBI polynomials are obtained.

1. BAILEY [2, p. 6b] nofced that the formula

min (m, n) (m -+- n — 2r) !

r ^ 0 r\(m — r) ! (n — r) ! r ( l -f- a -+- r'

where

' — r} ri

is a conséquence of

a n d

,'1 \v+2r
0 0 ( 4 * 2 0 )

2(1.3) Jv(^ cos 6)Jv(0 sin 6) = 2 - T T ^ —

It may be of interest to see what is implied by BATEMAKS' S
formula [8, p. 370]

(1.4) 0 &Ja(& s in ̂  s i n Ö)e7p(s cos <î> cos 6)

= sin« O sin* 6 cosP <i> cos3 6 2 (— l)n (l-+-on-p-i- 2»)Ji+a+p+2tt(»)
0

a ; sin"2 6)

= sin« 4> sin^ 6 cos a $ cosP 6 2

* T(l -4- a -H n)T(l
20),



ON LAGTJEBRE AND JACOBI POLYNOMIALS B5

where

- n,

It follows from (1.2) that

gzztJafizt s in 4> s in ô)/p(2s£ cos 4> cos 6)

— o e~33(^)1+oH~p(sin O sin ô)«(cos 4>. cos

S LJ*Kt2 sin2 0)L„O)(t« cos2 6)

<ï> s i n 6) a(cos <P cos

<»> cos*» •
k=0 m+n=k

On the other hand^ the right member of (1.4), with z replaced
by 2zt, becomes

(sin • sin 9KCOS * cos 6* J ( - l ) -( l - . ^ ^ ^

r<*. 3>(cos

\to r(2 H-a •+-p + 2r-i-«)

Equating coefficients of £5A we get

(1.5) S sin'
1 ; +k

. pri*y P)(cos 2<ï>)Pr(
a* P>(cos 20) ^ —

If we let t?=r£ 2sin 2ô ; u = f3 cos2 6, (1.5) becomes

(1.6) S sin2m <J> cos2n 4> =TJ r ^ Ö^T—\

fr r ! r ( l -+- a -f- B -+- r)

k + r) '
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or if we prefer

(17) S w LJ*Kv)WVM
( ' +L** r(

= S (-l)-(l-H a
r ' Hl -+- a -4-

\x-hy) r \

For a = p = 0 this reduces to

2 ymxnLm(v)Ltl(u)lm ! n !

In (1.7) take 2/= 1, x — — 1 and we find that

L.8) 2i (— 1) r / 1

In particular for u = (1 -4- cc)/2, « == (1—x)/2, (1.8) reduces to

a formula proved by RAI^TVILLE [7].

2. It is not difficult to give a direct proof of (1.8). Indeed we
have

l + a -H m)T(l + £ + n)

Y ( i \ v. ( 1V
(m-8)Wr(l+a+»)

— *• *•) « . t o i rrt • R i

= S ( _ !)••+* (xuY(yvy(k •+- ̂ /) fe-v-
! s ! (fc — r — s) ! T(l -H p +- r)r(l + a -H S)

(«-»-y)*-'"
m=o v ' (k-m)l r+t=m r ! s !

m)
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For y = 1, x — — 1, this identity reduces to (1.8). Comparison
with (1.7) yields

1 ' to l (fc-»)!r(l + a + m)r(l -+- p -+- m) ̂  'P

fc

Eeplace a?, 2/j M, t; by

g (1 — x)z, 7y (1 -4- #)», 2 C1 —

respectivelj, then (2.1) become

(2 » | / ,w (* + »)"«"' _ _ _ ^ p (a p,/i + zv\
y ' m=o 2»'(& + » ) ! r ( l + tt + m)r(I -+- p -+- m) "' \x + y J

2r)rjPr

Comparing coefficients of zh in both members of (2.2) we get

(2.3)

Next multiply both sides of (2.2) by e~=0^+P+^ and integrate
from 0 to oo. Since

o
(2.2) yields

(2.4) P ,

ƒ e-zga+p+ic+rL^+^Jr2r\z)dz = 0 (Aï > r),
0

o

-(fc - m) ! (1 + a)
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Since P,;/
a> &(x) i s a polynomial in a, B (as well as x), ("2.4) holds

for ail values of the parameters.
The formulas (2.3) and (2.4) are due to BATBMAK and are

stated in [5, p. 392] ; (2.3) was proved in [4]. (2.4) was reoliscoyered
by BAILEY [3] and BRAFMAIST [6].

If in (2.1) we take y — 0 and change the notation slightly we
find that

y)) = U-(2.5)

in particular for y = 1, (2.5) reduces to

m wm - | o ( - m- mi + « + P

3. If

f(*)= S arx-(l - *)*-',
r=0

where ar is independent of x, then it is easily verified that

In (1.5) take a; = sin2 *î> ; then (3.1) yields
LJ*)(t* sin* 8)î n(P)(̂ - cos2 6)

( ' r ( l + a + m)r(l + p + »)

- c z*)T.1-wi—
•' ""' — • r • p (a ,p ) ( cos :

» * l /i*a /w. 1 _ i _ (V I r

or

m)r(i

1X1

-t-rl p ,„ p,/u-
— W», 1-4-a) J ^ + ̂ ^ \

r , _ W j 1-t-E-t-p-t-rl p ,„ p,/u-t>\ I > ^ t e + 2 r ) ( ^ + t»
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Iu particular for v = 0, (3.3) becoin.es

m ! r ( l -t- p •+- »)

— r . — w,
• m — n, 1 -+- oc r(2 -K(x

which may be ^rritten in the form

For m = 0, (3.4) evidently reduces to (2.6).
When m = n, oc = p, we have [1, p. 16. § 3.3]

— r, 1 H- 2a -h- r, — m
1 -H a, — 2m

ö r(^ ~ m)

(r = 2s)

r is odd the series vanishes). Thus in the special case (3.3)
reduces to

(3.5 LJ*Ku)W*Kv) =

1
7̂  — W
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In tins connection we may recall the simpler formula of
[2, (1.1)] :

m\

4. If in (2.3) we take y = — x we get

— r)

r ( t H- a -f- fc)r(i + p + fc) (fl(, P) (aj P)

Similarly (2.4) yields

(4.2) P%> » (X)PL- e> ( _ a ) = (1 + «Ml

Î / _ 1 V - « . (1 -H «
2-m ! (fc - m) ! (1 + a)m(l
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