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On Jacobi polynomials.

Nota di LeoNArD CaARLITZ (a Durham, North Carolina)

Sunto. - Several resulfs wnvolving the Jacobr polynonmuals are obiained.
. particular some formulas stated by Feldhewm are proved.

1. In the notation of Szégo [5, Chapter 4] the Jacos1r polynomial
may be defined by

o LR

n=r \® — ¥, ¥

Thus P, is a polynomial of degree =, not only in x, but alsc
in each of «, 8. Moreover it is an immediate consequence of (1.1)
that

1
(1.2) (a; B)( ) — w -+ i,‘a_"‘il B+1)( )’
—1
(1.3) A P(ar B)( )..,_ € 5 P(o-‘-_-'il’ B "ly(x),
where

Bof (@) =F (= + 1) — f(=).

Also we have [5, p. 62]

d
(1.4) 2 P ) = (n + o+ B+ 1) P P ),

In view of (1.2) and (1.3) 1t is natural to apply formulas of
tinite differences to P,; indeed Toscano [6] has derived some in-

teresting results from the formula
=

(= 1)"I'y) A" Ly + O .

(1.5) Fl—n v+ 85 v )= o/ o)™ 1)

In the present note we discuss some simple results of a diffe-
rent nature.



372 LEONARD CARLITZ

2. In the first place we observe that if f(“’ g)(

of degree n in x that satisfies

is a polynomial

(2.1) & Pla) =

) (Gfl, B""I)(

1
gl +oa+f+1 x),

dx

and we put

1P = 3 () 0t b m (5,

n=

where C/fx, B, n) is indipendent of x, then (2.1) yields the recur-
rence

{2.2) nwC i 8, )=m +a4+34+-1)Ca4+1, B+ 1, n — 1)
Repeated application of (2.2) leads to

n—r)!n+oe+ B4 1)
n!

23) Cue, 8, n)= L Cyle+7, B4+1, m—7).

If we assume also that

x—1
24 Agfol@) ="5— fui” P V@)

we find that
AgC (o B, M) =C,—j(x + 1, B+ 1, m —1)
and in particular
Cole, B+ 1, n) = Cyx, & n).

Hence if C; is a polynomial in § it is independent of B; we
may write

Colo, B, m) = Cylx, *, n).

Thus (2.3) implies

@5 fOP@= (" A j P+ ’") Cofoe 47, % 0 —17) (” - l)r.

r=0

Suppose now that in addition

(2.6) £2 B (1) = (” * “) :

"
then (2.5) gives

Cylo *, m) = ('n + 0'.)
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and we get

o LE "4+ o+ B 47 — 1\

@ WP = 3 (%_j)( e )(’“2 )
[+ 7 1 1 1—ox
_*( " ) (—n,n+o¢+[ﬂ+ ;a+l, —5 )

Hence fi*P(a) = PP (x). Thus if £P(x) is a polynomial in x
and 8, of degree n in x that satisfies (2.1), (2.4) and (2.6), then

£ ¥x) = P Plx). Similarly if £ P(x) is o polynomial in x and «,
of degree n in x, that satisfies (2.1) and

4 X -+ 1 s Oy n —+ B
a'pg,a B)(x): 2 W(ziv‘ll B+1)( ), f( P)( 1)__( 1)95( " ¢)’

then £ P (x) = P P (x).

Incidentally, for the LLAGUERRE polynomial

we have the following result. If £”(x) és a polynomial in x of
degree n that satisfies

B @=— 5, 2o =(""",
then £ (x) = L{ (x).
3. It follows from (1.2) and (1.3) that
(3.1) PPy — PP @) = P P ),

(3.2) L’a-t 1, B)(w) . 2P£/Lﬂ-: B) (m) + _Pi@a’ B+1)(m) — xP(zx_-};ll, B+1)((E).

Repeated application of (3.1) gives

k
(3.3) )

r=0

k _ _
(— 1y (T) (atler, B4 ) plo— B4 k)(m)

and in particular

ks . E\ (a—r, B4 ) _ 1 (k= n)
{3.4) ﬁo (—1) (,) Py @=19 (k> n).



374 LEONARD CARLITZ

It is also evident from (1.2) and (1.3) that

(o 1 a r
P8 )_<w+ )P;::,IH (@),

r o X — 1 +
AaPsq’m(x}_- ( 2 ) P(oc v B—Q'r)( ),
and more genera]ly

(3.5) ATARP P () = (2".:211) (xg 1) Pt BT o

In particular when r + s = n, (3.5) becomes
+ 1\ fx—1
6) () () = smirsP )
which implies
» N\ v, n—r(a,B)
3.7 £ = Z ( )AGAB P, (x).
It is clear that the formula

Flo+w) = T()Af(a)

implies

n 1 r "
By e 5 ()R
. R ”Q /y x — 1\s )
3:9) PE*w = § (1) (T P ),

and more generally

(obps BHv) B fu (v [ — 1\ w~1) (043, B+3)
B = 8 () () (R e,

_ v plotk B+k) o (B\ [\ {2+ 1\" (2 — 1\s
_kéopn—k (w)m::o(?')(s)( 2 )( 2 )’

using (1.1), this reduces to

»n
310) P P@= 3 P e PSP )
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Incidentally it is evident from (1.4) that

& 8
@) PPPaay= X (““J' ) gy BT )

r=
Returning to (3.2), which we rewrite as
%0‘4-1, B)(SU) +P§@0‘1 B"‘U( ) 2P(°‘ B)(x) _'_mP(d-l—l B"'U( ),

it is easily verified that this implies

% (L a+7r —r L a+r, B+
812) 3 (r) PP = 3 (f)zk—’-eri.I,'B‘” ) (@).

r=>0 r=0

4. In (1.1) replace «, § by « —#, 8 — n, respectively. Then we
have

@© oo} ”n r N1
« (0—n, B—n) —_— N un o B x—1 (w +1
'niO tnP” (-7/') —'niot 13—:_0 (n - 1’) (7')( 2 ) 2
_ % (e (ﬁ)x——lr(az lxt’_+s
_'I“,:-—.-O S r ( 2 ) 2 )
x+ 1)\ x— 1 \P
(4.1) ..—.(1 +_2——t> (1+—2‘—t) .
Again we have

g e 3 2 () EF Y

%e=0 n=0 r4s=n
@ B\ fe—1\" X fo+7r+ 8\ [x+ 1\s
:rio(".)( 2 )ts:()( S )( 2 )t3
B :c——l'r( x+ 1 )*“—V—l
v:O(r)( 2 )t 1- 2 g

=0 TR

I
p<8
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so that

_ 1,\—a—k-1
(4.2) T g PP ") = (1—t)B(1-x; t) T
n=0

Similarly we have

«© —n —a—p—1
(4.8) 2 PP B ) = (1 + t)a(1 _zr 1t> .
n=

2

The formula (4.2) is due to FrLpEEIM [4, p. 120].
By means of (4.1) most of the results of § 3 can be proved
rapidly. For example we have

© v —_
gn pletu—m B+ ")(m) —(14% + 1t a+v<1 - ngt B+v
n=0 2 2

[e'0) _ . [ve) _ _
= 3 PP E ) B P ),

r=0 s=0

Pﬁea+.n-, B+v—n)(w) — % Pﬁa—fn B—r) (x) (p—n i 7y v—n+ T)(.’,l:),
r—

n—r
=0

which is equivalent to (3.10). Use of (4.2) and (4.3) suggests various
additional formulas. In particular (4.2) implies

x o B 1\ —
20 n P'y(;a P B ”)(w) — (1 _* ;_ t) nZO t P’(’ba, ° n)(m)’
n== =

which gives

o~ 7ol —1\ (7 1\~ 4
(4.4) Py *‘m(x):rz_‘.o(“ . )(—;—) A B (.

Similarly (4.3) leads to

% v % —1 — 1\ a+7r
e A [ R

It is of course easy to prove (4.4) and (4.5) by means of repeated
application of (1.2) and (1.3). The formula

46) PYTHPg— 3 (M T 1)(v T 1)(w+ 1)r(x—:1)s

D)
rs<n r s 2 2

P

includes both (4.4) and (4.5); it may be compared with (3.10).
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We also note the formula

i n
=

which follows easily from (4.3); for v =1, (4.7) reduces to (3.1).

9. When « ==, (4.1) becomes

® —m, g— x -+ 1\ x— 1)\
(51} WZ‘.zo t”’Pi;a e ")(ac) = (1 -+ —2— - ) (1 -+ B) t) .
We recall that
S (0 <
(5.2) 2 Py (x) = (1 — 2t + £3)—>
n=0
where [5, p. 80]
0y e+ 1), 4 a) 1
(5.3) Pyl(x) = @), I () ()\ =+ §) .
Now the right member of (5.1) is equal to
2xu R ,  xr—1
[+ g ) =)
Thus (5.1) becomes
R apla—np-n), . ] n (—a) g
so that
(a—n, B—n) __(_ {\on —_ (—a) ._—_x
P, (@) = (— 1)"27%(a* — 1)i2Py, ((Oﬁ — 1)1/2) .
But by (5.3)
1
(a—m,B—mn) . afe — 1) oo (x—n + 1) (“_MH' 5)
Pu (@) = fe—n)e —ml).. (x—2n+1) " @)
‘We have therefore
(5.4) (— )72 (@2 — 1)mi2P (e — 1)—11s)
afe — 1) (@~ 1+ 1) Psta—“+%)(x),

“e—ne—n—1. @~ 2+ 1)
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which is equivalent to a formula of Tricomr [3, p. 178]. We note
that (5.4) can also be proved by means of

x?l—:r(T‘Z — 1)1

2’—”2=’ rl(n — 2! (x +%)

Pl(a) = (2)), 2

3
r

which is a consequence of (5.2). As a particular case of (5.4) we
mention (x = — 1/2)

(65)  (—1)"2"@ — 1P, (afat—1) s 8...@2n—1)

1 (—n)
" enTen+3) . @n—n " @

Other formulas involving the ultraspherical polynomials are
readily obtained. For example (3.10) implies

(5.6) P(¢+By a‘+‘B)( ) Z P(St—’r, B—'l')( )P -1—1' a+'r)( )

r=0

?

while (3.8) and (3.9) give

BBy B (B—a\ (@ I\ ey
o M= 8 () () e

a,a 2 - — 1\ o+, T
©8) o= & () e,

Also it follows from (4.1) that

.9) (2 B) ) — § (“ - p)( ”; 1)TP§F:J B )

r

. r B —a\[x— I\ _(atr, asr)
_r§0< r )( 2 ) T @)

6. Returning to (1.4), it is clear that the polynomial

a. 2" a—n, B—n
(.1) ) = e )
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satisfies

d (o, B)

6.2) 7 fn” Pty = 22 @);

in other words | fy(ba’ B)(x)i constitute an Appell set of polynomials.

Using (2.7) we find that

. X snplos B
(6.3) 2 V(@) =@V Fi(—o; —a—8; 2¢),

n=0

from which the property (6.2) is immediate. Also (3.11) follows at
once. (6.3) may compared with the formula

ongn —
P%’B ”)(w) — e(x+ 1)tIFl(—- ﬁ; o+ 1 ; (1 - x)t)

[ee]
{64) %2:0 (OC + 1)07.

found by FrLpHEIM [4, p. 120]). Incidentally it follows from (6.4)
that the polynomials

s (@8 @+1)" 5 (@ —1
(©.5) g’ @) =), B (w+1

also form an Appell set.

When o« =§, it follows from [7, p. 104]

1 1
et F(— o; — 2u; 28) = F, (é o zit‘z)

e o

that

X o a 1 1
{6.6) S 1 fu? Va) = eI (r)(zt) I_,_®

n=0

By means of (6.3) and (6.4) we can derive certain formulas
involving products of JaAcoB1 polynomials. We shall make
use of [2, p. 120, (42), (43)]; (6.8) had been found earlier

25
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by BaiLry [1]

(a)r(c - a)"'
(6.7) Fm<:u+M-foww+r_nxm

-(uv) Fia+7; ¢+ 2r; u) Fila +7; ¢+ 2r; v),
(6.8) Fia; c; u) Fia; ¢; v)

% gy @0,

n=0 7! (c)r(c)zr (u,u)rlFl(a +7r; ¢+ 2/,~; W+ v).

Thus by (6.4) and (6.7)

© 2k %, B— l
M P( , B k(x) — e(m+1)(u—rw)]Fl(_ B; «—+1; (1 — )N + )

=0 (0( -+ 1)h
_y EBeeb,
r=0 7! (e 4 7). (¢ + 1), (1 — )" (uv)
[y Dimgy ne (-p-2r, B-r—ms) ongyn (a-r?r, 6 rm)
mEO (« + 27 4 1)mP (x )n—o ml—)n (),

which yields after a little manipulation

. M+ N\ - (q, B—m—n
(6.9) ( )PL&” )

m

e et D () D 1),
(0(' -+ 1)m+" r=0 - ) ”i") (a -+ 'r'),(oc -+ m —+ 1),.(‘7' + N+ 1),‘,&

1 —_ 2r . 2 .
( _ ) P2 6m) g platln B

Similarly by means of (6.8) we obtain

(oc + 1), (x + 1), min (’"" ”) (ﬁ
o (u’ + 1)m+~n 'r—0 7

)(m+%—2r)(oc+[3+ 1),,(1-— x)2r

m—r {x + 1), 2

+2r, B—m—
'Pirct‘—,—n—sfr " r)( ).
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The formulas (6.9) and (6.10) were stated without proof by Frrp-
HEIM [4, p. 134].

Finally using (6.3) together with (6.7) and (6.8) we get in like
manner

(6.11) (m;: ") BT )
[(— % — g)m-&-” min (m, n) (p)
= — 1)
(— % — ﬁ)m(_ % — .8)71 r=0 ( ) r
. (= (= — B,

(—a—~B+r—1),(—a—B8+m)(—ae—8 + n),

(6.12) P B gy PO B )
N (— & — B)pu(— & — B), min g"' ") ﬁ)(’m + N — 27) (— a),
{— % — tx)m_,_n r=0 r m—r (_ @ — .B)r
. i:_{—_zb_—;;-i-h B—m —n+r)( x).
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