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On Jacobi polynomials.

Nota di LÉONARD CARLITZ (a Durham, North Oarolina)

Suiito. • Several results mvolvmg the Jacobi polynomtals are obtamed*
vu parhcular some formulas stated by Feldhetm are proved.

!• In the notation of Szëgo [5, Chapter 4] the JACOBI polynomial
may be defined by

Thus Pn is a polynomial of degree n, not only in x, but also>
in each of &, p. Moreoyer it is an immédiate conséquence of (1.1)
that

(1.2) Aap£" »(*) = ^

(1.3) ApP<a' P> (x) = ^ = i

where

A « r w = A « +

Also we have [5, p. 62]

(1.4) ± & %) = | (» + « +

In view of (1.2) and (1.3) it is natural to apply formulas of
finite différences to Pn ; indeed TOSCASTO [6] has derived some in-
teresting results from the formula

In the present note we discuss some simple results of a diffe-
rent nature.
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2. In the first place we observe that if f„' (x) is a polynomial
of degree n in x that satisfies

and Ave put

-where Cr(^ P, ^) is indipendent of x, then (2.1) yields the récur-
rence

{2.2) wCr+1(a, p, ie) = (» + a + p + l)CP(a 4- 1, S -H 1, M — 1).

Repeated application of (2.2) leads to

<2.3) CM, % n)J

If we assume also that

<2.4) W n W ^ ^

we find that

ApC^a, p, n) = Cr_,(oo + 1, K l , » - 1 )

£ind in particular

Co(oc, p -H 1, »j == Co(oc, p, n).

Hence if Co is a polynomial in p it is independent of P; we
may write

C0(a, p, n) = Cota, *, n).

Thus (2.3) implies

fit' %) = j o ( % - « ̂  * - ^) Co(. + r, •, n - r)

Suppose now that in addition

<2.6) /» (1)

then (2.5) gives
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and Ave get

Heuce fia (se) = P{n (#)• Thus if fn*'P)(x) is a polynomial in x
and p, o/" degree n in x Mai satisfies (2.1), (2.4) and (2.6). ffeen

fiT'P)(x):=PLa'P)(x). Similarly *ƒ fif'P)(x) is a polynomial in x awd a,
of degree n w x ; fftaf satisfies (2.1)

), fn (— 1) = (— 1)M

then fÎT'P)(x) = P^ P > ( i ) .

^ for the LAGTJERBE polynomial

— r/ r!

we have the following resuit. If fn
a (x) *s a polynomial in x o/"

degree n £fta£ satisfies

3. It follows from (1.2) and (1.3) that

(3.1)

(3.2) P{rh

Bepeated application of (3.1) gives

(3.3) 2 ( - 1)-

and in particular

r—0

1 (fc = n)
0 (*>n).
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I t is also evident from (1.2) and (1.3) tlaat

ÀajPn (aï) =

and moro generally

(d.5) AaAp̂ w (X) = I—2~~ I l —2—J -^w- r-

In particular when r -+- s — w, (3.5) becomes

which implies

It is clear that the formula

implies

(ac) = 2*

and more generalij

using (1.1), this reduces to

fc-0
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Incidentally it is evident from (1.4) that

(8.11) P<T' P W y) = j o

Eeturning to (3.2), which ^ve rewrifce as

-f- P<f' p"l)(cc) = 2PÎ,-

it is easily verified that this implies

Pia+r' ?+k-%) - S (k) 2—

4. In (1.1) replace oc, p by a — n, $ — n% respectively. Then we
liave

Again we have

n=0

2
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so that

(4.2) J o *«P<f' "-»(*) = (1 - t

Similarly we have

(4.3) 2
0

The formula (4.2) is due to FELDHEIM [4, p. 120].
By means of (4.1) most of the results of § 3 eau be proved

rapidly. For esample we haye

00

= s

\*C) — Z* -Fr [X)Jrn~r (X),
r-0

which is equivalent to (3,10). Use of (4.2) and (4.3) suggests variou&
additional formulas. In particular (4.2) implies

AJ t Jrn (X) ~ 1 —
n=0 \

which gives

Similarly (4.3) leads to

(v

It is of course easy to prove (4.4) and (4.5) by means of repeated
application of (1.2) and (1.3). The formula

includes both (4.4) and (4.5) ; it may be compared with (3.10).
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We also note the formula

(4.7) p<*^' %) = l h pLa+r> ^\x),

which follows easily from (4.3) ; for \K — 1, (4.7) reduces to (3.1).

5, When a — S, (4.1) becomes

(5.i) | o t-pir- -\*)=

We recall that

(5.2) 2 tnPn\x) = (1 - 2xt -h t

where [5, p. 80]

(5.3) * » ( * ) = 2 ^ P<«' ->(x

Now the right member of (5.1) is equal to

Thus (5.1) becomes

so that

But by (5.3)

W - (a _ W)(a -_ w 1)... ( a - 2 w + 1)

We have therefore

(a — n)(oc — n — 1)... (a — 2n -f- 1)
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ich is equivalent to a formula of TRICOMI [3, p. 178]. We note
that (5.4) can also be proved by means of

ich is a conséquence of (5.2). As a particular case of (5.4) we
mention (a — — 1/2)

<5.5) ( - W x ^ i m ^ -

Other formulas involying the ultraspherical polynomials are
readily obtained. For example (3.10) implies

(5.6) Pia+t' a+%) = 2

while (3.8) and (3.9) give

<5.7) PLP' P)(X) = j

<5.8) PLa'a)(x)

Also it follows from (4.1) that

(5.9) &%)

6. Beturning to (1.4), it is clear that the polynomial

<6.1) fn W-^^p.»^!)
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«atisfies

in other words j ƒ » ( # ) ! constitute an Appell set of poiynomials.

Using (2.7) Ave find that

(6.3) S P / i V) = eC*"1*, J \ ( - a ; - oc - S ; 2t),

from which the property (6/2) is immédiate. Also (3.11) follows at
once. (6.3) may compared with the formula

<6.4) S
0

foundby FELDHEIM [4, p. 120], Incidentally it follows from (6.4)
ihat the poiynomials

,n Rv la, P), v ( ^ -+• 1 ) n
 p ( « , P -

form an Appell set.

When a = p, it follows from [7, p. 104]

\FA- a; - 2a ; 2<) = ^ Q - a ; |

ihat

<6.6)

By means of (6.3) and (6.4) we can dérive certain formulas
involving products of J A C O B I poiynomials. We shall make
use of [2, p. 120, (42), (43)] ; (6.8) had been found earlier

25
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by BAILEY [1]

(6.7) xFx{a; c; u + v)= S
K ' i il > » ' „ = o

JI
](o -4- r ; c H- 2Ï" ; M) ̂ ( a -+- r ; c -t- 2r

(6.8) . j ya ; c; « J . ^ o ; c; v)

Thus by (6.4) and (6.7)

•J.
which yields after a little manipulation

>

/ l — ag\

. i—-—i

Similarly by means of (6.8) we obtain

(6.10) Pt^m\x)Pn^~n\x)
_ (oc H- l)m(q -4- l ) w ̂ ^ («•» n) /^\ / w _,_ n _ 2 r \ (a + P + l ) r / l - jç\2

- ( c c + 1 ) ^ r"o Wl w - r J (a+1), i 2 j

, p-m—r)
2
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The formulas (6.9) and (6.10) were stated without proof by FELD-

HEIM [4, p. 134].

Finally using (6.3) together with (6.7) and (6.8) we get in like
manner

~(-*-PU-*-P)n rto l ' \r)

* (— QC — p -+- r — 1),.(— c c - p 4 - m ) ( ( - a - ^ - h 4

p<«-m, P™m)/^\ p(«-w> P-«)/«\

(6.12) P^"m' *~m\x) tft* ^

( - ^ " PU— « - PU min (£>n) /P\/w H- » - 2r\ (—a)r
( _ a _ a ) M + n r==0 \r){ m — r / ( _ a _ p ) r

(X).
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