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On the relative extrema of Bessel functions (*).

Nota di Orro Szisz (a Los Angeles, Calif.).

Summary. - Denote the relative maxima of | \o(t) | for t>0 by pr, 2, r=1,2,...;
our main result is that pr, o> pr,a+1 for r=1, o >— 1.

1. The Brssevrfunction of order o is defined for « > — 1 by
the power series

. [$\o o0 (— 1)ngze ‘
(t1) Talt) = (ﬁ) nio 4" Te +n + 1)’ *>—L
We write
PAA
Aatt) = (3) T + 17200,
so that

Nal0) =1, Aol— )= Nol})-

It is known that for « > — 1 the zeros of A,f) are all real
[see G. N. WarsoN, Bessel functions, 1948, p. 483], and it is seen
from the differential equation

12) A+ 2 A A =0,

that all zeros of A, are simple. A, has infinitely many positive
zeros which we denote in increasing magnitude by

0 <ty g<<io,<...
The formula
d
g7 (E7dalt) = — t=2J ol
yields
, t
(1.3) Nty = — S 1) [\ 1(t),

(*) The preparation of this paper was sponsored (in part) by the Office
of Naval Research.
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so that the extrema of A , correspond to the points ¢y, »+1{r=1,2, 3,...),
and we have
(1.4) 0 <ty <o <<to o<t <...

Denote the relative extrema of | A, | by ur.(r = 1); we shall
prove the following monotonicity properties:

1
(I) Uy g > U2, = 3,4 = ey for “>‘-§7
1
(II) 1, < W, 0 < 3,0 < wevy for _1<°‘<—27
(IIT) v > Pr ettt > 042 > ey,  forall o>—1;, r=>1.

2, The differential equation (1.2) yields
d
1) 77 (81422 \ o) + 11422 P\, =0;

we now quote the following theorem, due to PorvA [see G. SzEGH,
Orthogonal polynomials, 1939, pag. 161].
Let y(f) satisfy the differential equation:

d
(22) =3 Ueltyy’) + oty = 0,

where k() > 0, ®(f) > 0, and both functions have a continuous de-
rivative. Then the relative maxima of |y | form an increasing or
decreasing sequence according as k() ®(f) is decreasing or in-
creasing.

Applied to the equation (2.1), we have

E)y=o()=1t+22>0 for £>0;

%(ktb) = 2(1 + 2a)fi+ ta,

This yields immediately the properties (I) and (II).

1
Note that in the limiting case « — — 5 we have A ;(f)=cos {,

and v« ; =1 for all r.
7~ =

For the proof of P6rya’s theorem consider the function

(@2.3) F1(t) =yt + éf% WO
then
fiy=yltr it yH=o.
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Furthermore, using (2.2) we find

")\ d
24 ro=— (%) g e,

and the theorem follows directly. For related results.see WATSON,
loc. cit., pag. 488. On similar lines (I) was proved recently by Min-
Ter CHENG, [« Duke Math. Journal », 17 (1950), Lemma 3].

It follows from (I) that

(Al <AsO)=1 for w«>—5, ¢>0.

This also follows from the integral representation

T
T 1
Aoft) = —‘—a—_{—)—l— eftcos® gina x dac.
(e +3)r(a)
i
0
3. The recurrence formula
2
Ja+1=‘t}Ja—Ja—1y x>0,

yields

. i /\a+1
(3.1) m: Na~— Na—1.

From (1.3) and (3.1)

(3.2) Nao— /\a—lz—"—ﬁta Ad';

again from (1.3)
20,
3) Ne=—F Nat-

From (3.2) for ¢t =4, 441(as Ao’ =0)

(3 4) A a(tr,aH 1) = /\a~1(tf, q+1)-
We obviously have A,f) >0 for 0 <t < #1,, hence
(8 5) sgn Nolf) = (— 1) fortr, o < t <lrata;

it now follows from (3.3) that
sgn A\'g—i(t) = (— Ly+1fort,, . <t < trit,a;

so that A,—i(f) is monotone increasing if » is odd, decreasing if #
is even, in the interval &, , <<t << fr41,,. From (1.4)

(3.6) bro < e a1 < trat,as
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hence, using (3.4), (3.5) and (3.6)

(37) Na—1ltr, 241) > A altr, a+1) = (—' 1)'!‘-7,:1 .
Replacing here r by r 4+ 1 and « by « — 1 we get
(3.8) No—{tr+1,a) = (— 17 lgpp1,q—1.

Thus A.—1 has opposite signs at the points Iy 4.1 and #ryq ,;
furthermore being mongtone in the larger interval (fr,4, tri1,4), /\o—1
has exactly one zero in the interval #y 4,1 <% <<%r41,4. It now
follows from (1.4) and from

0 <H,0-1 <0 <tga1<<lon<..
that for « >0

(39) tr,a—-l < tr,m <ty a+1 << tr+1, a—1 << tr+1,a < tr+1, ol < ae e

4. To prove mow (III), consider
) = Aa—1(b).

P«zr, a = f(tr, a+1) ;

From (3.7)

furthermore

f(tr,0) = wr, a1t -
Now, using (3.3)

7/, ’ t
' =2 No—1l®) N'aall) = — 7 Aa—1 Ao
in the inte.val (a4, fr+1,0)8g0 Noa=(—1)"; in the interval
(tr,a—15 trat,0—1) 880 N\g—t1=(—1)"

Hence, in view of (3.9) f'(f) <0 in the interval ({4, #rq+1), 80
that f(f) is decreasing. Hence f(¢r,q) > ftr,a+1), OT

v a1 > P-Q'r,a, o> 0, r=1, 2 3,...
Thus (III) is proved. It would be interesting to prove monotony
for continuously increasing «.

Similar properties were established for the LEGENDRE polyno-
mials, ultraspherical polynomials, LAGUERRE functions and Hermite
functions; see the notes of G. Szras, JoHN Topp and the author,
in « Bollettino della Unione Matematica Italiana », (3), 5 (1950),
pp. 120-127,

Observe that for y(f) = A ,(f) the formulas (2.3) and (2.4) reduce to

£
@)= Aalf)® + 4@3 Aa+1(t)

i =—2202 (.
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Hence f(!) is monotone increasing if 1 4+ 2« << 0, and monotone
1
decreasing if 1 + 2« > 0. It follows that for « > -3

f(tr,a) = N'altr,a)* > fltr,as1) = p'ra-
From: (3.2) for « >0

20 \? 2 \?
A ,a(t’r‘, a)z - ( Na—1 (tr, a)2 =1y Mzr, a—1,
t’r’,a tf, &,
so that
(IIT) 4oPpty o1 > B0 b, 0 o> 0.

This is sharper than (III) if #., > 2« > 0. It is known [SzEed,

« Trans. Am. Math. Soc. », 39 (1936), pp. 8-9] that for —% < o< é .

( o 1 ‘
Ty — )T <tpa<rm

hence #1,, > 2« for 0 <o < % So that in this range (IIT') is sharper
than (III).



