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On the relative extrema of ultraspherical polynomialrs.

Nota rti OTTO SZÀSZ (a Los Angeles, Calif.) (*).

Summary* • A resuit of SZEGÖ on the relative extrema of LBGENBRB poly-
nomials is herc generali&ed to ultraspherical polynomials.

L The ultraspherical polynomial Pn
7{x) has n zéros in the

interval — l < a ? < l j hence n — 1 relative extrema in that interval.

(4) The pi-eparation of this paper was sponsored (in part) by the Office
of Naval Research.



1 2 6 OTTO SZÂSZ

Dénote by <*r,n(X), r = 1, 2,..., n — 1 the successive relative extrema
of PnHx) |, when x decreases from 1 to — 1. ¥ e assume X > 0 ;
writing \x for [/.(X), we have (2)

1 > "-1, n > t*2, n > »• > P-», » , h-

for reasons of symmetry the second half of the y—séquence is
increasing.

In the preceding note SzEaö proved for the LEŒENDRE polyno-

mials IX = gJ the interesting inequalities

r H-2, ... .

We show hère that his elegant procedure can be extended to fche
tiltraspherical polynomials. The resuit is

that is, the séquence pr „(X) = — ^rr r̂)W(X) is monotone in n.

2. Let
(2.1) fl5i, n > 3?2, « .> . . . > Xn~-\, n

be the abscissas which correspond to the extrema of PXJ&) ;

thus (2.1) are the zéros of ~z~ Pn
x(x). In view of (cf. (*), p. 81]

the xr,n are the zéros of P^+Mx); accordingly

Xl, n+l > a?2, n+l > »• > #«, n+l

are the zéros of Pn^+1(cc). We have [cf. (2), p. 45]

Xit n \-l > Xi, n > Xl, n+l > ». > Xn—1, n+l > ^n—1, n > 35», n+l,

thus the polynomials P*±\(x) and P^+X(x) are of opposite sign in
the intervals

Xr, n < X < OV, rt+1, r = 1, 2, ..., n — 1.

<2) Cf. Ö. SZBGO', Orthogonal polynomials, Few York, 1939, p. 163-164
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3. We use the identities [cf. (% p. 83]

— (n -h 2X — l)Pi (x) — nxPi(x)

I t follows that

2X(1 - x*)Pl+i{x) = (»-»- 2X>P*(as)
and

2X(1 - «) ! PJ,!1!^) •+• Px+Hx) I = (» + 2X)Pya?) - (n

Eeplacing as by — x, we find, in view of Pn
x(— x) = (— l)nPn

l(x)

2X(1 -H ») ! PH-M») - Pl+\(x) ! = (H • 2X)Py») + (» -+-
thus
4X'(1 -»«) ! ( P ^ W - (Pi+\(a))1 ! = ( » t 2X)«(Py*))« - ( n +

= Xr,n\\ we now get

(W +- l)2(P^+1(xr,M+i)) j = (n -4- l )Vr.n+l =

g(x) = (n -H 2X)«(PJi(*))» -H 4X*(1 - a;»)(P^+i(x))'.

in vie^ r of (2.2)

We employ the formulas [cf. (2), pp. 80 and 84]

(1 - ««) £-, (P„M*)) = (2X 4 l)x £ (Pni(x)) - n(n + 2l)PnHx),
and

(» + 2X)PX(a!) = A ( P X + t ( x ) ) = „

we then find

It follows that gr'(a;) < 0 in the interval xr,n < & < av,«+i, hence
is decreasing in this interval. Thus

) Vr,

from which (1.2) follows.
Observe that r(2X)pr>n(X) are the extrema of the normalized po-

lynomial


