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On the relative extrema of ultraspherical polynomials.

Nota di Orro SzAsz (a Los Angeles, Calif.) (1).

Sammary. - 4 result of SZeEGS on the relative extrema of LEGENDRE poly-
nomials is herc generalized to wltraspherical polynomials.

1. The ultraspherical polynomial P,’(x) has % zeros in the
interval —1 <<wx << 1, hence n — 1 relative extrema in that interval.

(!) The preparation of this paper was sponsored (in part) by the Office
of Naval Research.
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Denote by wr,u(d), r =1,2,..., n —1 the successive relative extrema
of P,Mx)|, when x decreases from 1 to — 1. We assume X > 0;
writing » for p(}), we have (3)

n
1>pLa>p2,n> 0 > by a, h:[él, n=2;

for reasons of symmetry the second half of the y-sequence is
increasing.
In the preceding note Szec6 proved for the LEGENDRE polyno-

1
mials ()\ = ~> the interesting inequalities

'(1-1} Elr,n> Hr,n+17 ’l’b:’l’+1, T+2, PYTINN

‘We show here that his elegant procedure can be extended to the
ultraspherical polynomials. The resulf is

Tn +1) T(n + 2)
1.2) Tln+ 2% P, m(2) > T + 2% 4 1) mmtts A>0, n=r+1;
. I'in + 1) . .
that is, the sequence py, n()) = T + 2 tr,n(}) is monotone in mu.
2. Let
(2.1) X, n > X2, > e > Tn—1,n

be the abscissas which correspond to the extrema of P (x);

thus (2.1) are the zeros of ;% P Mx). In view of (cf. (%), p. 81]

(2.2) (%— P\(z) = 2AP?+1(z),

the «, , are the zeros of Pxilx); accordingly
X1, mt1 = T2, n41 = o0 > Xp, w1
are the zeros of P, l(x). We have [cf. (%), p. 45]
X, bl = Xl,n => L2, pp1 = oo > Tp—1, 041 > Lu—1,u > Lo, ni1,

thus the polynomials P}lﬂ:}(w) and PXH(x) are of opposite sign in
the intervals
xr,"<x<whn+1, ”':1, 2,...,’”/—'1.

(?) Of. G. SzrG6, Orthogonal polynomials, New York, 1939, p. 163-164
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3. We use the identities [cf. (%), p. 83]
5 =(n + 2)\—1) _ (@) — nxP(x)

L - @) P ()
U =+ 2N Pi(x ) — (n + )P (w),

It follows that
2M1 — %) P (w) = (v + 2\ PA(x) — (n + LjxP? +l(x),

and

2N1 — ) | PAHL(a) + Pitl(a) | = (n + 23 Pi(x) — (v + 1)P (@)

Replacing ® by -—x, we find, in view of P M— x)=(— 1)"P,Mx)

2M1 + ) | PXHYa) — Prti(m) = (n + 20 Pi(w) + (n + 1)P2 ' 1 (@)
thus
L ~a) | (PAH@)) - (PR @) = (1 + 2A(PA@))* — (0 + 1Y(P, ()™
For = %y,n,1 We now get

(1 + DAL (@ na))? = (0 + 1), np1 =
= [(n + 2X*(PA(w))’ + (L — WP @)  o=a,, ., = J(@r, nt1)

where
glx) = (n + 2))* (Pl( )+ 4231 — w’)[P}‘tll(x))‘.

Now, in view of (2.2)
J@) = DPEA@) | (1 + DPPAw) — o o2 (PAa) + (1 — %) s (P @) -

‘We employ the formulas [ef. (%), pp. 80 and 84]

* d
(1 — ) o (P = @ + 1 1 (P M) — i + 2P, ),
and
(n + 20 PA(x) = (Pn L= % (PX(x)) ;

we then find
g'(w) = 8X*Pit(x) ? ® o Pl(ac) + (1 + 2)) P (x)

= BPLH (@) . (P, (@) = 1O PLH (0P ().

It follows that g'(x) << 0 in the interval x, » << < Zr,n41, hence g(x)
is decreasing in this interval. Thus

G@r, ni1) = (0 + 1’0, np1 < g(@r, ) = (0 + 2P, Haor, n)* =
={n + 203 4,
from which (1.2) follows.
Observe that T(2)\)o,,n(A) are the extrema of the normalized po-
lynomial PNax)/ PXN1).



