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On the relative extrema of Legendre Polynomîals.

Nota di Gk SZEGÖ (a Stanford ITniversity, Calif.).

Summnrv. • The relative maxima of | Pn(x) | are decreasing if the degree n
increases.

1. For n I> % LEGENDBE' S polynomial Pn(x) is an oscillating
function. Let
(1) Pl,n, K-2,»,..., (*n-l,n

dénote the successive relative maxima of | Pn{x) j when x decreases
front 1 to - i. The first half of this séquence is decreasing (l) :

(2) 1 > fM,n> (Aï,n> •» > |*h,n, h = [n/2].

For reasons of symmetry the second half of the séquence (1)
is increasing.

I t is interesting to compare the maxima \ir,n for different
values of n. We prove in this Note that for a fixed r9 the ma-
xima y-r) n are decreasing when n increases, n ^ r ~\~ 1 ; i. e.

(3) fv,n> ^r,n+i, n = r -+- 1, r -H 2,... (*).

2. Let

be the abscissas to which the extrema (1) of Pn(œ) correspond.
The iiumbers

(4) Of. Gr. SzEGö, Orthogonal polynomials, JSTew York, 1939, p*. 159.
f2) This inequality T\ras communicaied to me as a conjecture by

Dr. JOHN Tor>r>. A proof of (3) foi- fixed r and large n was supplied by
Dr. R.. COOPBR.
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separate the immbers (4). This follows, for instance, from the fact
that (4) and (5) are the zéros of P'n{x) and PVfi(#) which are
orthogonal polynomials associated with the saine weight function
(namely 1 —xx in — 1 , 1). We conclude that the polynomials P'n(x)
and P'n-fi(#) are of opposite sign in the intervals

;6) Xr.n< X < aîr,n+l, ** = 1, % •» , « — 1.

3, Now we use the identity (SZEGÖ, loc. cit., p. 370) :

(7) (1 - x)(P W i W H- P'ftx)) = {n + l)(Pn(x) -

Replacing x by — x we find

(8) (1 H~ X ) ( P V K W - P'n(x)) = (»

BO that

(9) (1 - x')((PVK(*))2 - (P'»(x))2) = (H

Substituting x -= 05r) «+i

(10) uV, n+l =

résulta where

But
(1 -

(12) f'(x) - 2P'n(x) Pn(x)

= 2P'n[x) Pn(x)
xP'n(x) — n(n •

(n -+- 1)' J "~ (n -f- l)2

Hère we have used the differential équation

(13) (t — x*)P '„(as) - 2xP'n{x) -+- »(w » l)P«(aî) = 0

and the identity [SZEGÖ, (4.7.28), second formula, l ==r 1/2] :

(14) xP'n{x) +- (n -+- l)P„(x) = P V f i(<4

Consequently /"(a?) < 0 in the interval between xr,n and 2V,*H-I>

i. e. ƒ(«;) is decreasing in this interval. Hence

!*V, «+1 = f (»r, M+l)

as it was stated abore.


